Published by Institute of Physics Publishing for SISSA Received: July 18, 2005 Accepted: September 6, 2005 Published: September 28, 2005

Structure constants of planar N = 4 Yang Mills at one loop

Luis F. Alday,^a Justin R. David,^b Edi Gava^{bc} and Kumar S. Narain^b

aInstitute for Theoretical Physics and Spinoza Institute, Utrecht University 3508 TD Utrecht, The Netherlands bHigh Energy Section, The Abdus Salam International Centre for Theoretical Physics Strada Costiera, 11-34014 Trieste, Italy cInstituto Nazionale di Fisica Nucleare, sez. di Trieste, and SISSA, Italy E-mail: L.F.Alday@phys.uu.nl, justin@ictp.trieste.it, gava@ictp.trieste.it,

narain@ictp.trieste.it

Abstract: We study structure constants of gauge invariant operators in planar N = 4 Yang-Mills at one loop with the motivation of determining features of the string dual of weak coupling Yang-Mills. We derive a simple renormalization group invariant formula characterizing the corrections to structure constants of any primary operator in the planar limit. Applying this to the scalar SO(6) sector we find that the one loop corrections to structure constants of gauge invariant operators is determined by the one loop anomalous dimension hamiltonian in this sector. We then evaluate the one loop corrections to structure constants for scalars with arbitrary number of derivatives in a given holomorphic direction. We find that the corrections can be characterized by suitable derivatives on the four point tree function of a massless scalar with quartic coupling. We show that individual diagrams violating conformal invariance can be combined together to restore it using a linear inhomogeneous partial differential equation satisfied by this function.

Keywords: 1/N Expansion, AdS-CFT and dS-CFT Correspondence.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep092005070 /jhep092005070 .pdf

Contents

1. Introduction 1

2. General form of structure constants at one loop 4 2.1 The slicing argument 5 2.2 An example 9

3. The scalar SO(6) sector 10 3.1 Evaluation of corrections to structure constants 11 3.2 Cancellation of the dangerous collapsed diagrams 14 3.3 An example 15

4. Operators with derivatives 17 4.1 Primaries with derivatives 18 4.2 The processes 19 4.3 Mechanisms ensuring conformal invariance 25 4.4 Summary of the calculation 30 4.5 An example 31

5. Conclusions 33

A. Notations 34

B. Properties of the fundamental tree function 35

C. Tables 37

1. Introduction

By far, the most precise realization of field theories being dual to string theories occurs in examples of the AdS/CFT correspondence proposed by Maldacena [1 – 3]. Among these examples, the most studied case is the duality between N = 4 Yang-Mills theory in four dimensions with gauge group U(N) and type-IIB string theory on AdS_5 ×S^5. Let us briefly recall the map between the basic parameters of the string theory and N = 4 Yang-Mills. It is convenient to set the radius of AdS to one so that in such units the string length is related to the t’Hooft coupling of the gauge theory by

α^′ = 1 √ λ = 1 � g^2_{Y M} N

, G_N = 1 N^2

, (1.1)

– 1 – here g_{Y M} is the Yang-Mills coupling constant, α^′ refers to the string length and G_N is the Newton’s constant in these units which is the effective string loop counting parameter.

The regime in which this duality has been mostly explored is when the type-IIB string theory can be approximated by type-IIB supergravity. To decouple all the string modes, the t’Hooft coupling has to be large. Furthermore, to suppress string loops we need to work at large N. One can then set up a precise correspondence of gauge invariant operators and supergravity fields. Another interesting limit, which has received a lot of attention recently, is when the t’Hooft coupling λ is small but with N still being large. In this limit especially when λ is strictly zero, all string modes are equally important but string loops are suppressed. From (1.1) we see that λ being zero implies the string length is infinity, the AdS_5 × S^5 string sigma model is strongly coupled. At present there are no known methods to extract any information regarding the spectrum or the correlation functions from the strongly coupled sigma model. On the other hand, the dual field theory is best understood in this limit since at λ = 0 the theory is free and planar perturbation theory in the t’Hooft coupling is sufficiently easy to perform. This has led to many efforts in trying to rewrite the spectrum of the N = 4 Yang-Mills theory as a spectrum in a string theory [4 – 6]. There has also been an effort at reconstructing the string theory world sheet by rewriting the correlation function of gauge invariant operators of the free theory as amplitudes in AdS [7, 8].

In this paper, with the motivation to find features of the string theory at weak coupling Yang-Mills we study structure constants of certain class of gauge invariant operators in planar N = 4 super Yang-Mills, at one loop in t’Hooft coupling. To indicate which features of the string theory one would expect to see by studying the structure constants, we first need to provide the picture of the string theory at λ = 0 limit that we have in mind. From (1.1) we see that at λ = 0 the string essentially becomes tensionless, therefore there is no coupling between neighboring points on the string which breaks up into non interacting bits. In fact this picture of the string has already been noticed in the plane wave limit [9] and has been discussed in the context of string theory in small radius AdS [10]. From studies of correlation functions of gauge invariant operators in the plane wave limit, it is seen that each Yang-Mills letter can be thought of as a bit in a light cone gauge fixed string theory, and a single trace gauge invariant operator is a sequence of bits with cyclic symmetry [11 – 15] A universal feature of any string field theory is that interactions are described by delta function overlap of strings. Therefore the structure constants of gauge invariant operators, which in the planar limit are proportional to 1/N, should be seen as joining or splitting of strings. Indeed, it is possible to formulate a bit string theory in which all features of the two point functions and structure constants of gauge invariant operators, including position dependence, can be reproduced by the delta function overlap [16].

Now let us ask the question of what would be the modifications in the above picture when one makes λ finite. From (1.1) we see that rendering α^′ finite would introduce interactions between the bits. At first order in λ and in the planar limit, only nearest neighbor bits would interact. Therefore, turning on λ modifies the free propagation of the bits in the bit string theory. The one loop corrected two point function and the structure constants should still be determined by the geometric delta function overlap, but with the

– 2 – modification in the propagation of the bits taken into account. Thus identifying the precise operator which is responsible for the propagation of the bits at first order in λ, should be sufficient to determine the modified two point functions and the structure constants at one loop. It is this feature of Yang-Mills theory we hope to uncover by studying the structure constants.

Apart from the above motivations, from a purely field theoretic point of view a conformal field theory is completely specified by the the two point functions and the structure constants of the operators. A lot of effort have been made to understand the structure of the two point functions of gauge invariant operators of N = 4 Yang-Mills in the planar limit. In fact the anomalous dimension hamiltonian at one loop in λ is known to be integrable [17 – 20], and signatures of integrability in the form of the existence of an infinite number of nonlocal conserved charges has been shown for the world sheet theory on AdS_5 × S^5 [21 – 25]. Furthermore, the relation between these approaches to integrabilty have been studied in [26 – 28]. On the other hand structure constants of operators in N = 4 theory are considerably less explored [29 – 31]. One difficulty in studying corrections to structure constants is that one needs to find the right renormalization group invariant quantity which characterizes the corrections

In this paper we derive a simple formula which characterizes the renormalization group invariant quantity which determines the corrections to structure constants of primary gauge invariant operators. Then we use this to study the one loop corrections to structure constants in the scalar SO(6) sector and a sector of operators with derivatives in a given holomorphic direction. We find that in the SO(6) sector the renormalization invariant quantity, which determines the one loop correction to the structure constants, is the one loop anomalous dimension hamiltonian itself. Evaluation of the structure constants for operators with derivatives is considerably more involved. Feynman graphs contributing to the corrections can be obtained by a suitable combination of derivatives acting on the function ϕ(r, s), which refers to the tree level four point function of a massless scalar with a quartic coupling and r, s are the two conformal cross ratios. There are individual Feynman diagrams contributing to the one loop corrections to structure constants which seem at first to violate conformal invariance, but we find that the violating diagrams can be combined together using the fact that ϕ(r, s) satisfies a linear inhomogeneous partial differential equation ensuring conformal invariance.^1

This paper is organized as follows. In section 2 we derive the renormalization group invariant formula characterizing the corrections to structure constants of primary operators. In section 3 we apply this to the scalar SO(6) sector and show that corrections are captured by the one loop anomalous dimension hamiltonian. The fact that the anomalous dimension hamiltonian captures the correction to the structure constants was observed in [30]. Their observation relied on certain examples and the statement that only the F terms occur in the Feynman diagrams. The proof given here is direct and the method is suitable for extension for classes of operators in other sectors. In section 4 we compute the corrections

1After completion of this work it was pointed out to us by G. Arutyunov, that similar differential equations have been studied in [32, 33]

– 3 – to structure constants for operators with derivatives in one holomorphic direction. We show that conformal invariance in the three point function is ensured by the differential equation satisfied by ϕ(r, s). The summary of the results which enables one to calculate the structure constants to any operator in this sector is given in section 4.4. Appendix A contains the notations adopted in the paper, appendix B discusses the properties of the function ϕ(r, s), in particular it contains the proof of the differential equation it satisfies. Appendix C. contains tables which are required in the evaluation of the structure constants in the derivative sector.

2. General form of structure constants at one loop

Our aim in this section is to derive a formula which gives a renormalization group invariant characterization of one loop corrections to structure constants at large-N. Consider a set of conformal primary operators labelled by O^{μ 1...μ ni}_i , here μ_1 . . . μ_{ni} indicate the tensor structure of the primary.^2 For simplicity, let us suppose the basis of operators is such that their one loop anomalous dimension matrix is diagonal, we will relax this assumption later. Then, by conformal invariance, the general form for the two point function of these operators at one loop is given by:

⟨O^{μ 1 ...μ ni} i (x_1)O^{ν1...νnj}_j (x_2)⟩ =

J^{μ 1 ...μ n}i^{;ν1...νn}i (x_1 − x_2)^{2Δ i} � δ_{ij} + λg_{ij} − λγ_iδ_{ij} ln((x_1 − x_2)^2Λ^2) � . (2.1)

Here J^{μ 1 ...μ n}i^{;ν1...νn}i is the invariant tensor constrained by conformal invariance and constructed by products of the following tensor:

J^{μν} = δ_{μν} − 2

(x_1 − x_2)^μ (x_1 − x_2)^ν

(x_1 − x_2)^2

. (2.2)

Since we are interested in the one loop correction in the planar limit, the expansion parameter in (2.1) λ = g^2_{Y M} N/32π^2 is the t’ Hooft coupling. In (2.1) we have used the fact that it is possible to choose a basis of operators such that they are orthonormalized at tree level and that their anomalous dimension matrix is diagonal. Δ_i are the bare dimensions and γ_i refer to the anomalous dimensions of the respective operators. For non zero tree level two point function in (2.1) Δ_i = Δ_j and n_i = n_j. The constant mixing matrix at one loop g_{ij} is renormalization group scheme dependent, for instance if the cut off Λ is scaled to e^α Λ, the mixing matrix changes as follows:

g_{ij} → g_{ij} − 2αγ_iδ_{ij} . (2.3)

The three point function of three tensor primaries is given by:

⟨O^{μ 1 ...μ ni} i (x_1)O^{ν1...νnj}_j (x_2)O^{ρ1...ρnk}_k (x_3)⟩ =

J^{μ 1 ...μ ni ;ν1...νnj ;ρ1...ρnk} |x_{12}|^{Δ i+Δ j −Δ k} |x_{13}|^{Δ i+Δ k−Δ j} |x_{23}|^{Δ j +Δ k−Δ i} × × � C^{(0)}_{ijk} � 1− λγ_i ln � �x^{12}x^{13}Λ x_{23} � �− λγ_j ln � �x^{12}x^{23}Λ x_{13} � �− − λγ_k ln � � � x_{13}x_{23}Λ x_{12} � � � � + λC̃^{(1)}_{ijk} � , (2.4)

2In this paper will restrict our attention to primaries which are tensors, but our methods can be generalized to other classes of operators.

– 4 – where x_{12} = x_1 − x_2, x_{13} = x_1 − x_3, x_{23} = x_2 − x_3. Note, that from large-N counting it is easy to see that both C^{(0)}_{ijk} and the one loop correction C̃^{(1)}_{ijk} are order 1/N. Again the constant one loop correction to the C̃^{(1)}_{ijk} is renormalization scheme dependent, scaling Λ by e^α Λ, we see that:

C̃^{(1)}_{ijk} → C̃^{(1)}_{ijk} − α � γ_iC^{(0)}_{ijk} + γ_j C^{(0)}_{ijk} + γ_kC^{(0)}_{ijk} � . (2.5)

Here there is no summation of repeated indices. Therefore from (2.3) and (2.5) we see that the following combination is renormalization scheme independent

C^{(1)}_{ijk} = C̃^{(1)}_{ijk} − 1 2 g_{ii}′ C^{(0)}_{i′jk} − 1 2 g_{jj}′ C^{(0)}_{ij′k} − 1 2 g_{kk}′ C^{(0)}_{ijk′} , (2.6)

where summation over the primed indices is implied. Essentially, the renormalization scheme independent one loop correction to the structure constant is obtained by first normalizing all the two point function to order λ. We now write the equation (2.6) using an arbitrary basis of primaries. Let the transformation matrix which takes the orthonormalized basis of primaries to an arbitrary basis, be given by V_{αi} , where α, β . . . label the arbitrary basis, of primaries. This transformation is λ independent since it is possible to choose a basis of operators which are orthonormalized at tree level and their one loop anomalous dimension matrix is diagonal. The transformation matrix V_{αi} satisfies the following relations: � i V_{αi} V_{βi} = h_{αβ} , � i V_{αi} γ_iV_{βi} = γ_{αβ} . (2.7)

Here h_{αβ} is the tree level mixing matrix and γ_{αβ} is the anomalous dimension matrix at one loop. It is usually convenient to chose a basis with h_{αβ} = δ_{αβ} , in standard literature the anomalous dimension matrix is specified in such a basis. But here we will work with an arbitrary basis, performing change of basis in (2.6) we obtain:

C^{(1)}_{αβγ} = C̃^{(1)}_{αβγ} − 1 2 g_{αα} ′ C^{(0)α ′}_{βγ} − 1 2 g_{ββ} ′ C^{(0)β ′}_{αγ} − 1 2 g_{γγ} ′ C^{(0)γ ′}_{αβ} , (2.8)

where:

C̃^{(1)}_{αβγ} = V_{αi} V_{βj} V_{γk}C̃^{(1)}_{ijk} , C^{(0)}_{αβγ} = V_{αi} V_{βj} V_{γk}C̃^{(0)}_{ijk} ,

C^{(0)α}_{βγ} = h^{αα ′} C^{(0)}_{α ′βγ} , C^{(0)β}_{αγ} = h^{ββ ′} C^{(0)}_{αβ ′γ} , C^{(0)γ}_{αβ} = h^{γγ ′} C^{(0)}_{αβγ ′} , h^{αα ′} h_α ′_β = δ^α_β . (2.9)

We will call the subtractions in (2.8) as metric subtractions.

2.1 The slicing argument

We work towards a useful characterization of the formula given in (2.8). Local gauge invariant operators can be constructed by products of the fundamental letters of N = 4 Yang Mills and finally taking a trace. We represent a general Yang Mills letter by W^A, then a gauge invariant operator is Tr(W^AW^B · · · W^Z ). The tree level contractions which contribute to C^{(0)}_{αβγ} of three gauge invariant primaries at the planar level are all possible

– 5 –

Figure 1: Planar Wick contractions contributing to C^{(0)}_{αβγ} .

Figure 2: A generic diagram contributing to U_{αβ}

Wick contractions which can be drawn on a plane using the double line notation. We can represent a given contraction by the diagram in figure 1, the corresponding double line notation is given adjacent to it.

In figure 1 we have used single lines to represent the double line. The lines end on letters of the operators, these are points on the horizontal lines in the diagram.

Consider the one loop correction C̃^{(1)}_{αβγ} , contributions to this can arise from two types of terms: (i) two body terms represented by U_{αβ} , U_{αγ} and U_{βγ} in figure 2 (ii) genuine three body terms represented by U^α_{βγ} , U^β_{γα} , U^γ_{αβ} as shown in figure 3.

As we are interested in planar corrections at one loop, it is easy to see that the two body interactions can occur only between nearest neighbour letters of any two of the operators with the remaining contractions performed at the free level. There is an exception to this rule, when the structure constant of interest is length conserving, for instance when say, the length of operator O_α equals the sum of the lengths of the operators O_β and O_γ . We will discuss this case later in the paper, but for now and for most of the discussions in this paper we assume that the structure constants of interest are length non-conserving.

– 6 –

Figure 3: Diagrams contributing to U^α_{βγ} and U^β_{αγ}

Figure 4: The slicing argument.

Two body interactions can also consist of planar self energy interactions between letters of any two different operators, and the rest of the operators contracted with free Wick contractions. Thus U_{αβ} represents the sum of all the constants due to all possible nearest neigbour interactions among operators O_α and O_β , and all possible constants from the self energy interactions between letters of these operators. A similar definition holds for U_{αγ} and U_{βγ} . The genuine three body term U^α_{βγ} consists of constants from all possible interactions between any two nearest neighbour letters of the operator O_α and two letters of operators O_β and O_γ such that all contractions are planar. An example of such an interactions are shown in figure 3. It is easy to see from this diagram that one is forced to choose nearest neighbour letters in operator O_α to ensure that the interaction is planar. Similar definitions hold for U^β_{γα} , U^γ_{αβ} . From these definitions we have:

C̃^{(1)}_{αβγ} = U^α_{βγ} + U^β_{γα} + U^γ_{αβ} + U_{αβ} + U_{βγ} + U_{γα} . (2.10)

We show now that the two body terms of C̃^{(1)}_{αβγ} cancel with the metric subtractions in the equation (2.8). Consider a generic two body interaction in U_{αβ} , imagine slicing the diagram as in figure 4 by inserting a complete set of operators O_α ′ .

Thus the diagram decomposes into two halves, the upper half which contains the one loop corrections which can now be viewed as contributions to the one loop correction g_{αα} ′ .

– 7 –

Figure 5: Renormalization scheme independent contribution.

The lower half which is just the tree level structure constant C^{(0)α ′}_{βγ} . From this slicing we see that exactly the same one loop interaction term occurs in g_{αα} ′ C^{(0)α ′}_{βγ} .^3 Now, slice the same diagram as indicated in the second figure of figure 4 by inserting a complete set of operators O_β ′ . The one loop correction can be seen as a term in g_{ββ} ′ , while the rest of the diagram as the tree level structure constant C^{(0) β ′}_{α γ} . Thus this diagram also occurs in g_{ββ} ′ C^{(0) β ′}_{α γ} . Stating this symbolically, let the diagram shown in figure 4 which contributes to U_{αβ} be D, then in the contribution to g_{αα} ′ C^{(0)α ′}_{βγ} + g_{ββ} ′ C^{(0) β ′}_{α γ} , D occurs twice. This implies that in the combination 1/2(g_{αα} ′ C^{(0)α ′}_{βγ} + g_{ββ} ′ C^{(0) β ′}_{α γ} ), D occurs once. Note that, in (2.8), the metric subtractions g_{αα} ′ C^{(0)α ′}_{βγ} and g_{ββ} ′ C^{(0) β ′}_{α γ} are weighted by a factor of 1/2. Therefore the diagram D cancels off between the two body term and the metric subtractions. This argument can be applied to any generic two body interaction in U_{αβ} , U_{βγ} and U_{γδ}, thus we conclude that a generic two body interaction in U_{αβ} is cancelled off by the subtractions in (2.8).

From the slicing argument we see that the constants from a genuine three body term in U^α_{βγ} , U^β_{γα} , U^γ_{αβ} cannot be canceled of the metric subtractions. Thus these terms and the corresponding subtraction in (2.8) is what is left behind. This is indicated in the figure 5.

Therefore computation of C^{(1)}_{αβγ} reduces to the evaluation of constants from diagrams with 4 letters: 2 letters on one operator, say O_α , and the remaining 2 letters on operators O_β and O_γ . From this we subtract half the constants which occur when the same diagram is thought of as the two body interaction, that is 2 letters on one operator say O_α and the remaining 2 letters on the operator O^′_α . Summing over all such contributions gives C^{(1)}_{αβγ} . We write this compactly as

C^{(1)}_{αβγ} = � U^α_{βγ} (3pt) − 1 2 U^α_{βγ} (2pt) � + � U^β_{γα} (3pt) − 1 2 U^β_{γα} (2pt) � + + � U^γ_{αβ} (3pt) − 1 2 U^γ_{αβ} (2pt) � . (2.11)

3In the first diagram in figure 4 we have shown only one interaction diagram which on slicing gives a contribution to g_{αα} ′ , other contributions to g_{αα} ′ also comes from interactions in lines running between Oα and O_β in this slicing.

– 8 –

Here U^α_{βγ} (3pt) contains constants from genuine three body interactions, that is there are no self energy diagram. U^α_{βγ} (2pt) contains the constants from the same diagrams but now thought of as occurring in a two point function, to emphasize again, this also has no self energy diagrams. Therefore, to compute one loop corrections to structure constants for any arbitrary operator it is sufficient to give the one loop corrections occurring in the computation of any 4 Yang Mills letters, firstly thought of as genuine 3 body interaction and then thought of as a two body interaction.

2.2 An example

We illustrate the slicing argument using a simple example by explicitly evaluating all the terms occurring in (2.8) and showing that it reduces to (2.11). Consider the structure constant when the operators are given by

O_α = O_β = O_γ = 1 N Tr(ZZ̄). (2.12)

Here Z is a complex scalar in the one of the Cartan of SO(6), for instance Z =^{1√}_2 (ϕ^1 +iϕ^2). Thus the Z , Z̄ Wick contraction is normalized to 1, which implies that the tree level two point function h_{αα} is normalized to 1. Evaluating the tree level structure constant we obtain C_{ααα} = 2/N.

Now consider the one loop corrections to the structure constants. The two body terms consists only of self energy diagrams, these are given by

U_{αβ} + U_{βγ} + U_{γα} = λ N (2S_{αβ} + 2S_{αγ} + 2S_{βγ} ) = λ N 6S . (2.13)

The subscripts in the S are just used to indicate the origin of the constants from the self energy diagrams, for instance there are two self energy diagrams between the Z and Z̄ of the O_α and O_β . Since all the self energy diagrams are same they can be summed to give 6S. We have also kept track of the order of the t’ Hooft coupling and N. The genuine three body terms are

U^α_{βγ} + U^β_{γα} + U^γ_{αβ} = λ N [4H(α; βγ) + 4H(β; γα) + 4H(γ; αβ)] = λ N 12H(3pt) . (2.14)

Here the H basically refers to the constant from the diagram with Z and Z̄ on one operator and with Z̄ and Z on the remaining two operators. The labels in each of the H just refer to which of the operator has the two letters and which of the rest has a letter each. The factor 4 arises out of the combinatorics of the diagrams. Therefore we have

C̃^{(1)}_{ααα} = λ N [6S + 12H(3pt)] . (2.15)

Now we subtract out the metric contributions in (2.8). We have to sum over all the metric contributions g_{αβ} ′ C^{(0)β ′}_{αα} , but this sum reduces to evaluating only one term when β^′ = α, this is because all other tree level structure constants vanish. Now g_{αα} is given by

g_{αα} = λ[2S + 2H(2pt)] , (2.16)

– 9 – thus we see that

C^{(1)}_{ααα} = C̃^{(1)}_{ααα} − 1 2 3g_{αα} C^{(0)α}_{αα} ,

= 12 λ N � H(3pt) − 1 2 H(2pt) � , (2.17)

where we have used (2.15) , (2.16) and substituted the value of C^{(0)α}_{αα} = h^{αα} C^{(0)}_{ααα} = 2/N. Note that the self energies which are the only two body terms in C̃^{(1)}_{ααα} have canceled on subtracting the metric contributions. The last formula in (2.17) is precisely the equation one would have obtained if one uses the formula in (2.11).

3. The scalar SO(6) sector

Consider three operators belonging only to the scalar SO(6) sector given by

O_α = 1 N^{lα /2}

Tr(ϕ^{i1} ϕ^{i2} . . . ϕ^{ilα} )

O_β = 1 N^{lβ /2}

Tr(ϕ^{j1} ϕ^{j2} . . . ϕ^{jlβ} )

O_γ = 1 N^{lγ /2}

Tr(ϕ^{k1} ϕ^{k2} . . . ϕ^{klα} ) . (3.1)

In this section we show that the renormalization scheme independent correction to the structure constants of this class of operators is essentially dictated by the anomalous dimension hamiltonian. The invariant one loop correction is given by

C^{(1)}_{αβγ} = � a,b,c

H^{iaia+1}

j_{b+1}k_c I + � a,b,c

H^{jbjb+1}

k_{c+1}i_a I + � a,b,c

H^{kckc+1}

i_{a+1}j_b I (3.2)

where H is the anomalous dimension hamiltonian given by [17, 18]

H^{ij}_{kl} = 2δ^j_kδ^i_l − 2δ^i_kδ^j_l − δ^{ij} δ_{kl} . (3.3)

I in (3.2) refers to the remaining free planar contractions as shown in figure 5. The summation over a, b, c runs over all distinct cyclic permutations of the diagram over the indices i, j and k of the three operators. In (3.2) and throughout the rest of the paper we will suppress the λ/N factor which occurs in the normalization of the one loop corrected structure constant.

From the slicing argument it is clear that to show (3.2) one needs to evaluate the following � U^{iaia+1}

j_{b+1}k_c (3pt) − 1 2 U^{iaia+1}

j_{b+1}k_c (2pt) � δ^{jb}_{kc+1} + � U^{jbjb+1}

k_{c+1}i_a (3pt) − 1 2 U^{jbjb+1}

k_{c+1}i_a (2pt) � δ^{kc}_{ia+1} + + � U^{kckc+1}

i_{a+1}j_b (3pt) − 1 2 U^{kckc+1}

i_{a+1}j_b (2pt) � δ^{ia}_{jb+1} . (3.4)

In the above formula U^{iaia+1}_{jb+1kc} (3pt) refers to the constant from the diagram with adjacent letters ϕ^{ia} , ϕ^{ia+1} on the operator O_α and the letters ϕ^{jb+1} and ϕ^{kc} on the operators O_β and O_γ respectively. While U^{iaia+1}_{jb+1kc} (2pt) refers to the constant of the same diagram but

– 10 – thought of as an interaction in a two point calculation. A similar definition holds for the rest of the U’s in (3.4). We have written down the Krönecker delta in each of the terms in (3.4) to denote the adjacent free Wick contractions. The terms in (3.4) are the generic terms that occur when the equation (2.11) is applied to the SO(6) scalars. We will show that after evaluation of the terms in (3.4), the expression reduces to that given in (3.2), essentially the U’s are replaced by the anomalous dimension hamiltonian H.

The claim that the anomalous dimension hamiltonian dictates the renormalization scheme independent corrections to the structure constants might at first be puzzling to the reader. The anomalous dimension hamiltonian arises after including self energy diagrams [17, 18] but as we have emphasized in the previous section, the renormalization scheme independent corrections to the three point functions do not contain any two body terms and in particular, there are no self energy terms. Therefore there is an apparent puzzle: we show below, the fact that even the corrections to structure constants are determined by the anomalous dimension hamiltonian is due to important cancellations which take place in the evaluation of (3.4)

3.1 Evaluation of corrections to structure constants

We first evaluate the diagram U^{ij}_{kl} thought of as a 3 body term. Consider 4 scalars, 2 of them with indices i and j being nearest neighbour letters on the operator O_α , As they belong to the same operator they are at the same position. But to regularize the resulting diagrams we use the method of point split regularization, therefore we split them such that the operator with index i is at x_1, while the operator with index j is at x_2 with x_2 −x_1 = ϵ, and ϵ → 0. Let the index k label the letter of operator O_β at position x_3 and the index l label the letter of operator O_γ at position x_4.

The two process that contribute to U^{ij}_{kl} (3pt) are the quartic interaction of scalars and the interaction due to the intermediate gauge exchange. Therefore

U^{ij}_{kl} = Q^{ij}_{kl} + G^{ij}_{kl} , (3.5)

where Q^{ij}_{kl} refers to the quartic interaction and G^{ij}_{kl} refers to the gauge exchange diagram. Evaluating each of the diagrams we obtain:

Q^{ij}_{kl} = lim_{x2→x1} � 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} � 1 x^2_{13}x^2_4 ϕ(r, s) , (3.6)

here the SO(6) structure arises from the quartic potential of the scalars in N = 4 super Yang-Mills, ϕ(r, s) is the quartic tree interaction given by � d^4u 1 (x_1 − u)^2(x_2 − u)^2(x_3 − u)^2(x_4 − u)^2 = π^2ϕ(r, s) x^2_{13}x^2_4

, (3.7)

and r and s are the conformal cross ratios given by r = x^2_{12}x^2_{34} x^2_{13}x^2_4

, s = x^2_{14}x^2_3 x^2_{13}x^2_4

. (3.8)

– 11 –

Note that as x_2 → x_1, r → 0 and s → 1. Therefore to evaluate the limit in (3.6) we can use the expansion of ϕ(r, s) given in (B.5), substituting this expansion in (3.6) we obtain

Q^{ij}_{kl} = � 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} � 1 x^2_{13}x^2_{14} � ln( x^2_{13}x^2_{14} x^2_{34}ϵ^2

) + 2 � , (3.9)

where we have also kept the log term for completeness. The gauge interaction is given by

G^{ij}_{kl} = lim_{x2→x1} δ^i_kδ^j_l H (3.10)

where

H = (∂_1 − ∂_3) · (∂_2 − ∂_4) � d^4ud^4v π^2(2π)^2 1 (x_1 − u)^2(x_3 − u)^2 1 (u − v)^2 1 (x_2 − v)^2(x_3 − v)^2

. (3.11)

It can be shown that H(x_1, x_2, x_3, x_4) in the above expression can be rewritten entirely in terms of ϕ(r, s) by the following identity used in [34]:

H = E + C_1 + C_2 + C_3 + C_4 ,

= (r − s) 1 x^2_{13}x^2_4 ϕ(r, s) +

+(s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{34} x^2_4

, s^′ = x^2_3 x^2_4

; 1 → ∞ collapse

+(s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{34} x^2_{13}

, s^′ = x^2_{14} x^2_{13}

; 2 → ∞ collapse

+(s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{12} x^2_4

, s^′ = x^2_{14} x^2_4

; 3 → ∞ collapse

+(s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{12} x^2_{13}

, s^′ = x^2_3 x^2_{13}

; 4 → ∞ collapse . (3.12)

E, C_1, C_2, C_3, C_4 are defined respectively by the remaining lines of the above equation. We have labelled r^′ and s^′ that occur in the second line of the above equation by 1 → ∞ collapse since these values are obtained by taking the indicated limit in r and s given in (3.8). All other values of r^′ and s^′ are obtained using the corresponding limits mentioned above. We will refer to these terms as collapsed diagrams. On substituting (3.12) in the formula for the gauge interaction given in (3.10) we need to take the limit x_2 → x_1. Under this limit r^′ → 0, s^′ → 1 for the C_3 and C_4 collapsed diagrams, but the r^′ and s^′ of the remaining C_1 and C_2 collapses do not tend of these values. On examining the expansion of ϕ(r^′, s^′) given in (B.5) we see that these collapsed diagrams do not reduce to either logarithms or constants under the limit x_2 → x_1, but remain nontrivial functions. Thus the collapses C_1 and C_2 seem to violate conformal invariance, since conformal invariance of the 3 point function predicts that the one loop correction terms must be either logarithms or constants. We will call these collapses dangerous collapses. However in the next subsection we will show that on summing over all the terms given in (3.4), these dangerous collapses cancel leaving behind only logarithms or constants. For the present, let us assume that these

– 12 – collapses cancel and evaluate the remaining terms, they are given by

G^{ij}_{kl}(3pt) = δ^i_kδ^j_l � − 1 x^2_{13}x^2_{14} � ln � x^2_{13}x^2_{14} x^2_{34}ϵ^2 � + 2 � + + 1 x^2_{13}x^2_{14} � ln � x^2_{14} ϵ^2 � + 2 � + 1 x^2_{13}x^2_{14} � ln � x^2_{13} ϵ^2 � + 2 � � . (3.13)

The first term in the square bracket is obtained by taking the limit x_2 → x_1 in the first term E of (3.12) and the last two terms are obtained by taking the same limit in the C_3 and C_4 collapsed diagrams of (3.12). Here we have ignored the C_1 and C_2 collapses of of (3.12), as we will show that in the combination in (3.4) they cancel. Combining all the constants to write U^{ij}_{kl} (3pt) we obtain

U^{ij}_{kl} (3pt) = � 2 � 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} � + (−2 + 2 + 2)δ^i_kδ^j_l � . (3.14)

In the second term we have written the constant contributions from the first term in (3.13) and the two collapses separately.

We now evaluate U^{ij}_{kl} (2pt): the calculation is similar to the 3 body case, except that we also need to take the limit x_4 −x_3 = ϵ and ϵ → 0. This is because in the present calculation the letters ϕ^k and ϕ^l are nearest neighbours on the same operator. Going through the same steps we obtain the following contributions for the quartic term

Q^{ij}_{kl}(2pt) = λ2 � 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} � . (3.15)

This contribution is identical to the case of the 3 body calculation. For the gauge exchange interaction, all the 4 collapses, including C_1 and C_2, will give rise to logarithms and constants. This is because under the limit x_4 → x_3, the corresponding r^′ and s^′ of C_1 and C_2 tends to 0 and 1 respectively. Therefore the constants from the collapses will be twice that of the 3 body calculation. This is is given by

G^{ij}_{kl}(2pt) = (−2 + 2 + 2 + 2 + 2)δ^i_kδ^j_l , (3.16)

where we have separated out the contribution of E in (3.12) and the 4 collapses. Thus the sum of quartic interaction and the gauge exchange to the two body terms is given by

U^{ij}_{kl} (2pt) = 2 � 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} � + (−2 + 2 + 2 + 2 + 2)δ^i_kδ^j_l . (3.17)

With all the ingredients in place, we can evaluate the renormalization scheme independent correction to the structure constant. This is given by

U^{ij}_{kl} (3pt) − 1 2 U^{ij}_{kl} (2pt) = � 2δ^j_kδ^i_l − 2δ^i_kδ^j_l − δ^{ij} δ_{kl} � , = H^{ij}_{kl} , (3.18)

where we have substituted (3.14) and (3.17). Note that since the constant contribution of the collapses in the 2 body diagram are double that of the 3 body, they cancel in the renormalization scheme independent combination. The gauge exchange diagram finally just

– 13 – contributes an additional −δ^i_kδ^j_l to give precisely the anomalous dimension hamiltonian. Substituting (3.18) in (3.4) and summing over all possible planar contractions we will obtain (3.2) which is what we set out to prove.

Let us compare this calculation with the anomalous dimension calculation of [17] and [18]. There one focuses on the terms proportional to the logarithm of the quartic, the gauge exchange and the self energy diagrams. The way the hamiltonian H appears is because the self energy contributions cancel all the 4 collapsed diagrams of the gauge exchange leaving behind only the quartic Q and the diagram E, which results in the anomalous dimension hamiltonian H. As we have seen the appearance of the anomalous dimension calculation in the one loop calculation of the structure constants is entirely due to a different mechanism.

3.2 Cancellation of the dangerous collapsed diagrams

In this subsection we show that the dangerous collapses in (3.12) cancel out when one adds all the three terms in (3.4). The dangerous collapses when two of the indices i_a and i_{a+1} are on the same operator O_α is given by

D(1; 34) = lim_{x2→x1} δ^{ia}_{ja+1} δ^{ia+1}_{ka} δ^{ja}_{ka+1} × (3.19) × � (s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{34} x^2_4

, s^′ = x^2_3 x^2_4

; 1 → ∞ collapse

+ (s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{34} x^2_{13}

, s^′ = x^2_{14} x^2_{13}

; 2 → ∞ collapse � . The dangerous collapse when the indices j_a and j_{a+1} are on the same operator O_β is given by D(3; 41) = lim_{x2→x3} δ^{ia}_{ja+1} δ^{ia+1}_{ka} δ^{ja}_{ka+1} × (3.20) × � (s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{14} x^2_{34}

, s^′ = x^2_{13} x^2_{34}

; 2 → ∞ collapse

+ (s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{14} x^2_{12}

, s^′ = x^2_4 x^2_{12}

; 3 → ∞ collapse � . Note that, here the limit is such x_2 → x_3, this is because two letters are on operator O_β which is at x_3. The index structure is identical to that of previous case in (3.19). Finally, the values of r^′ and s^′ is such that the on taking the limit in (3.20) and (3.19), the last line of the (3.20) identically cancels the 1st line of (3.19) when one uses the fact ϕ(r, s) is a symmetric function in r and s.^4 Basically the r^′ and s^′ of the collapse 2 → ∞ of (3.19) exchanges with that of the dangerous collapse 3 → ∞ of (3.20). Let us now write the dangerous collapses when the indices k_a and k_{a+1} are on operator O_γ which is at position x_4.

4ϕ(r, s) = ϕ(s, r) is shown in appendix B.

– 14 –

Figure 6: Cancellations in a length conserving process.

D(4; 13) = lim_{x2→x4} δ^{ia}_{ja+1} δ^{ia+1}_{ka} δ^{ja}_{ka+1} × × � (s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{13} x^2_{34}

, s^′ = x^2_{14} x^2_{34}

; 2 → ∞ collapse (3.21)

+ (s^′ − r^′) ϕ(r^′, s^′) x^2_{13}x^2_4 with r^′ = x^2_{13} x^2_{12}

, s^′ = x^2_3 x^2_{12}

; 4 → ∞ collapse � . It is now clear from (3.19), (3.20) and (3.21), that after taking the limits indicated and using the fact ϕ(r, s) is a symmetric function in r and s we see that the sum of the dangerous collapses among all the three body terms cancel

D(1; 34) + D(3; 41) + D(4; 13) = 0 . (3.22)

This mechanism of cancellation of dangerous collapses cannot hold when structure constant of interest is of a length conserving process. This is because in a length conserving process the only genuine three body diagrams are when the two nearest neighbour letters are on the longest operator say on O_α and the rest of the letters are on O_β and O_γ . Therefore we cannot possibly have the last two terms in (3.22). But, as we have mentioned in the previous section, in a length conserving process there is a possibility of non-nearest neighbour interactions which are planar. This is shown in figure 6.

If one keeps track of the U(N) group theoretical factors, it is easy to show that there is a relative negative sign between the diagrams in figure 6. Therefore such diagrams cancel, though we will not go into details in this paper, we have checked that for length conserving process such diagrams ensure that the dangerous collapses in a length conserving process also cancel.

3.3 An example

In this subsection we consider a simple example to illustrate the calculation of one loop corrections to structure constants. We consider the following operators:

O_α = 1 √ N^3

Tr(ϕ^1ϕ^2ϕ^3) , O_β = 1 √ N^3

Tr(ϕ^1ϕ^2ϕ^4) , O_γ = 1 N Tr(ϕ^3ϕ^4) , (3.23)

– 15 – the operators are at positions x_1, x_3 and x_4 respectively. The tree level correlation function of these operators are given by

⟨O_α O_β O_γ ⟩^{(0)} = 1 N 1 x^4_{13}x^2_{14}x^2_{34}

. (3.24)

The one loop corrections will all have the above position dependent factor multiplying the λ dependent corrections. Below we write down the corrections from various diagrams, we divide the contributions from genuine three body terms and two body terms. As we have seen in the previous section, we do not have to keep track of the constants from the two body terms as they cancel in the metric subtractions. Therefore we need to look at only the terms proportional to the logarithm in the two body terms. The corrections to the structure constant will be evaluated by (3.2).

Three body terms

The three body terms consist of:

2 [(Q + E + C_3 + C_4)(1; 34) + (Q + E + C_3 + C_4)(3; 41) + (C_3 + C_4)(4; 13)] , (3.25)

here the labels (1; 34) refers to the diagram with two letters on the operator O_α and the remaining two letters on the operators O_β and O_γ respectively. We have also suppressed the SO(6) index structure of each diagram for convenience, they can easily be reinstated and evaluated. Note that among the collapsed diagrams we have written down only the contributions of the 3 → ∞ and 4 → ∞ collapse since the remaining collapses are dangerous and cancel out. For the diagrams of the type (4; 13) we have not written the quartic term Q and E, this is is because on examining the SO(6) structure of these diagrams we see that they cancel among each other. There is an overall factor of 2 because of the presence of the outer three body diagrams. We now give the terms proportional to the logarithm of the above diagrams: 2 � − 2 log � x^2_{13}x^2_{14} x^2_{34}ϵ^2 � + log � x^2_{13} ϵ^2 � + log � x^2_{14} ϵ^2 � − 2 log � x^2_{34}x^2_{13} x^2_{14}ϵ^2 � + + log � x^2_{13} ϵ^2 � + log � x^2_{34} ϵ^2 � + log � x^2_{14} ϵ^2 � + log � x^2_{34} ϵ^2 � � . (3.26)

The logarithms in the above equation are the contributions of the respective terms in (3.25). Using (3.2), the renormalization group invariant correction to the structure constant is given by H^{23}_{23} + H^{24}_{24} + H^{34}_{34} + H^{43}_{34} + H^{13}_{13} + H^{14}_{14} + H^{34}_{34} + H^{43}_{13} = −8 . (3.27)

The indices on H refer to SO(6) indices of the letters involved. Here the extra terms H^{43}_{34} is because of the fact that the operator O_γ is an operator of two letters whose position can be interchanged.

– 16 –

Two body terms As mentioned before, for the two body terms we have to focus only on the log terms. The diagrams which contribute to this are:

(Q + E + C_1 + C_2 + C_3 + C_4)(1; 3) + 2S(1; 3) + S(1; 4) + S(3; 4) , (3.28)

where the labels (1; 3) indicate which two operators the contributions arise from, we have again suppressed the SO(6) indices for convenience. Note that here all the 4 collapses contribute, S refers to the self energy contributions. Evaluating these contributions we obtain

− 2 log � x^4_{13} ϵ^4 � + 4 log � x^2_{13} ϵ^2 � + −8 log � x^2_{13} ϵ^2 � − 4 log � x^2_{14} ϵ^2 � − 4 log � x^2_{34} ϵ^2 � . (3.29)

Combining (3.26), and (3.29) and (3.27) we find that the log correction and the renormalization group invariant one loop correction to the structure constant is given by λ N � −12 log � x^2_{13} ϵ^2 � − 8 � . (3.30)

Here we have reinstated the factor λ/N which occurs in the corrections to the structure constants.

4. Operators with derivatives

In the previous section we showed that the anomalous dimension hamiltonian controls the corrections to structure constants in the SO(6) sector. There were basically three reasons for this: (i) the SO(6) spin dependent term factorizes out in the calculations, (ii) N = 4 supersymmetry ensures that quartic term and the gauge exchange terms comes with the same coupling constant, (iii) contributions of all collapsed diagrams canceled. As we have argued in the introduction, since N = 4 super Yang-Mills admits a string dual, the structure constants of the theory should be determined basically by the geometric delta function overlap of the dual string theory. One can see that at λ = 0 and at large-N ensures that three point functions of single trace gauge invariant operators can be written as delta function overlap in a string bit theory [16]. Turning on finite λ renders α^′ of the string theory finite, and induces nearest neighbour interactions between the bits. Thus, the modifications to structure constants must be only due to effects of interaction in the propagation of the bits, the geometric delta function overlap of the string is invariant. The fact that in the SO(6) sector the one loop corrections to the structure constants is dictated by the anomalous dimension hamiltonian indicates the possibility that it is only the world sheet hamiltonian in the bit string theory which is necessary to compute corrections to structure constants. To verify this and to identify the precise operator which is responsible for the propagation of the bits we need to compute one loop corrections to structure constants with more general operators outside the SO(6) scalar sector. Among the three simplifications in the SO(6) sector discussed above, the factorization of SO(6) spin dependent term will not be present if there are derivatives in the letters. This motivates the evaluation of one loop corrections to structure constants of operators with derivatives.

– 17 –

4.1 Primaries with derivatives

Before we start the one loop calculation, we need to specify the operators with derivatives which are conformal primaries that we will be dealing with. We work with operators having SO(6) scalars with arbitrary number of derivatives in a fixed complex direction. For example the following operator

Tr(D^{m1}_z ϕ^{i1} D^{m2}_z ϕ^{i2} · · · · D^{mj}_z ϕ^{ij} · · ·) , (4.1)

where D_z = ∂_z + ig[A_z , · ]^5 is the covariant derivative in a given complex direction z = x^2 + ix^3, m_j refers to the number of derivatives on the j^{th} letter. To construct the primaries at tree level we can ignore the commutator term in the covariant derivative. To construct a conformal primary from such operators we need to know the action of the special conformal transformations K_μ on these states. The action of K_μ on a scalar is given by [K_μ , ϕ] = (2x_μ x · ∂ + 2x_μ − x^2∂_μ )ϕ . (4.2)

Since all the fields are at the origin and the derivatives are only in the holomorphic direction we can set all other coordinates in K_z to zero, this gives

K^z = z^2∂_z + z , (4.3)

similarly the other generators are given by

P_z = ∂_z , D = 1 + z∂_z . (4.4)

They satisfy the algebra

[D, K^z] = K^z , [D, P_z ] = −P_z [P_z, K^z] = 2z∂_z + 1 = D + M_{zz̄} (4.5)

where M_{zz̄} = z∂_z is the angular momentum generator on the z plane when z̄ is set to zero. The above algebra forms an SU(2) algebra, to see this identify

J_3 = − 1 2 (D + M_{zz̄} ) , J_+ = P_z , J_− = K^z , (4.6)

then we have [J_3, J_± ] = ±J_± , [J_+, J_− ] = −2J_3 . (4.7)

Thus scalars with derivatives in a given holomorphic sector form representations of the SU(2) algebra. The action of K_z a scalar with m derivatives is given by

[K_z,

∂^m m! ϕ^i] = m 1 (m − 1)!

∂^{m−1} ϕ^i . (4.8)

Here we have divided the mth derivative by m! to ensure the two point function of these derivatives are normalized to 1, we have also suppressed the subscript z on the derivatives which will be understood for the rest of paper. It is easy to construct primaries by suitably

5In our notation g^2 =^{g2Y M}_{2(2π) 2} , see appendix A.

– 18 – taking linear combinations of these operators. For example a simple class of primaries with derivatives only on two of the scalars is given by n� m=0 (−1)^{m n}C_m Tr � ∂^mϕ^{i1} m! ϕ^{i2} · · ·

∂^{n−m} ϕ^{ij} (n − m)!

ϕ^{ij+1} · · · � . (4.9)

Similarly, combinations of operators with derivatives only in the anti-holomorphic direction z̄ can be chosen so that they are primaries.

Three point functions as well as two point functions of primaries have definite tensor structure as given in (2.4) and (2.1) respectively. Therefore it is sufficient to focus terms proportional to products of of the identity δ_{μν} in the tensor structure. For operators with derivatives only in the holomorphic or the anti-holomorphic direction it is sufficient to look at terms proportional to products of the identity δ_{zz̄} . This simplifies calculations considerably: for instance in the calculation of the interaction with 4 letters, the number of holomorphic derivatives must equal the number of anti-holomorphic derivatives. Finally, another useful fact about the SU(2) sector is that when the scalars are in a given Cartan direction of SO(6), the detailed calculation of the anomalous dimension hamiltonian has been done in [19].

4.2 The processes

From the slicing argument and our detailed discussion for the SO(6) sector, the corrections to the structure constants are governed by the constants in the following basic quantity � U^{(ia,ma)(ia+1,ma+1)}

(j_{b+1},n_{b+1})(k_c,s_c) (3pt) − 1 2 U^{(ia,ma)(ia+1,ma+1)}

(j_{b+1},n_{b+1})(k_c,s_c) (2pt) � δ^{jb}_{kc+1} δ(n_b, s_{c+1}) + + � U^{(jb,nb)(jb+1,nb+1)}

(k_{c+1},s_{c+1})(i_a,m_a)(3pt) − 1 2 U^{(jb,nb)(jb+1,nb+1)}

(k_{c+1},s_{c+1})(i_a,m_a)(2pt) � δ^{kc}_{ia+1} δ(s_c, m_{a+1}) + + � U^{(kc,sc)(kc+1,sc+1)}

(i_{a+1},m_{a+1})(j_b,n_b)(3pt) − 1 2 U^{(kc,sc)(kc+1,sc+1)}

(i_{a+1},m_{a+1})(j_b,n_b)(2pt) � δ^{ia}_{jb+1} δ(m_a, n_{b+1}) . (4.10)

In the above formula i, j, k label SO(6) indices and m, n, s label the number of derivatives which could be either holomorphic or anti-holomorphic. a, b, c refers to the position of the letters in each of the operators. δ(m, n) refers to the delta function which is one when either the number of holomorphic m equals the number of anti-holomorphic derivatives n or vice versa. To further simplify our analysis we will restrict our attention to the cases when the total number of holomorphic derivatives on the operator with 2 letters adjacent to each other in the interaction, is always greater than the number of anti-holomorphic derivatives on either of the letters of the remaining two operators. But, the methods developed here can be applied to study the other cases also. Let us work with only holomorphic derivatives on O_α and anti-holomorphic derivatives on O_β and O_γ . Then, our restriction implies that for the first term in (4.10) m_a + m_{a+1} ≥ n_{b+1}, s_c.

We now detail all the processes involved in the evaluation of the constants in the interaction U^{(i,m)(jn)}

(k,s)(l,t) . We again use the point splitting scheme to evaluate the diagrams.

For the 3pt contribution the letters D^mϕ^i/m! and D^nϕ^j /n! are at positions x_1 and x_2

– 19 –

Figure 7: The quartic and the gauge exchange with x_2 → ∞ collapse.

respectively such that x_2 −x_1 = ϵ with ϵ → 0 and the lettersD̄^sϕ^k/s! and D̄^tϕ^l/t! are at x_3 and x_4 respectively. For the 2pt contribution one further takes the limit x_4 → x_3 = ϵ. In all the diagrams we will first perform the relevant derivatives and then take the appropriate limits. Since we are looking for only the term proportional to the identity we have the constraint m + n = s + t, the number of holomorphic derivatives must be equal to the number of anti-holomorphic derivatives.

(i) The quartic interaction The contribution of the quartic interaction of scalars to U^{(i,m)(j,n)}

(k,s)(l,t) is shown in the figure 7.

We first focus on the 3 pt contribution: the constant and the log part of this interaction can be extracted by evaluating the limits in

Q^{(i,m),(j,n)}

(k,s)(l,t) (3pt) = � 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} � lim x_2→x_1

∂^m_1 ∂^n_2 ¯∂^s_3 ¯∂^t_4 m!n!s!t! � ϕ(r, s) x^2_{13}x^2_4 � . (4.11)

Now one can use the expansions of ϕ(r, s) in (B.5) and perform the appropriate derivatives. In the above equation ∂_1 and ∂_2 refers to the holomorphic derivative in the z_1 and z_2 direction respectively, while ¯∂_3 and ¯∂_4 refers to the anti-holomorphic derivative in thez̄_1 andz̄_2 directions respectively. Taking the derivatives is sufficiently simple as one has to focus only on the term proportional to the identity δ_{zz̄} since we are dealing with primaries, finally one has to take the limit x_2 → x_1. The general form of the quartic term is given by

Q^{(i,m),(j,n)}

(k,s)(l,t) (3pt) = � 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} � 1 x^{2(s+1)}

13 x^{2(t+1)}_{14} � A_Q log � x^2_{13}x^2_{14} x^2_{34}ϵ^2 � + C_Q � . (4.12)

– 20 –

The coefficient of the log A_Q and the constant C_Q for the various cases can be read from table 3. of appendix C. The quartic interaction contribution to the corresponding 2pt term is given by further taking the limit x_4 → x_3, thus the constant obtained for the 2pt term will be the same as constants of the 3pt term.

(ii) Gauge exchange. The gauge exchange contribution to U(3pt) can be found by evaluating the limit in

G^{(i,m),(j,n)}

(k,s)(l,t) (3pt) = δ i kδ^j_l lim_{x2→x1}

∂^m_1 ∂^n_2 ¯∂^s_3 ¯∂^t_4 m!n!s!t!

H , (4.13)

= δ^i_kδ^j_l lim_{x2→x1}

∂^m_1 ∂^n_2 ¯∂^s_3 ¯∂^t_4 m!n!s!t!

(E + C_1 + C_2 + C_3 + C_4) ,

where E = (r − s) ϕ(r, s) x^2_{13}x^2_4

, (4.14)

and C_1, C_2, C_3, C_4 are the collapsed diagrams given in (3.12). In (4.13) we have basically used the (3.12) to write the gauge exchange diagram in terms of the various collapses and (4.14). The equation (3.12) is true when all the points x_1, x_2, x_3, x_4 are strictly distinct. Therefore, we use the equation when all the points are distinct, take the appropriate derivatives and then finally take the limit x_2 → x_1. Just as the quartic diagram, the general form for the diagram E(3pt) is given by

E(3pt) = δ^i_kδ^j_l 1 x^{2(s+1)}

13 x^{2(t+1)}_{14} � A_E log � x^2_{13}x^2_{14} x^2_{34}ϵ^2 � + C_E � . (4.15)

In tables 4 and 5 of appendix C. we tabulate the values of A_E and C_E for the various cases.

We now examine the structure of the derivatives in each of the collapses and list the conditions under which they contribute to the identity. Consider the 1 → ∞ collapse, which is given by

C_1 = δ^i_kδ^j_l lim_{x2→x1}

∂^m_1 ∂^n_2 ¯∂^s_3 ¯∂^t_4 m!n!s!t! � (r^′ − s^′) ϕ(r^′, s^′) x^2_{13}x^2_4 � , with r^′ = x^2_{34} x^2_4

, s^′ = x^2_3 x^2_4

. (4.16)

Note that if m > s and therefore n < t, there is no possibility of saturating the derivatives in the z_1 direction to give a term proportional to the identity, since r^′ and s^′ are independent of x_1. Therefore, this collapse diagram contributes to terms proportional to the identity only when m ≤ s and therefore n ≥ t. A similar analysis with all the collapses leads to table 1.

It details the conditions on m, n, s, t under which various collapse diagrams contribute to the term proportional to the identity.

Just as in the case of the SO(6) sector discussed in the previous section, the collapses C_1 and C_2 are potentially dangerous as the values of r^′ and s^′ for these collapses

– 21 –

Diagram m > s; t > n m < s; t < n m = s; n = t C_1 No Yes Yes C_2 Yes No Yes C_3 Yes No Yes C_4 No Yes Yes

Table 1: Conditions for the contribution of the collapsed diagrams.

do not tend to either 0 and 1 respectively under the limit x_2 → x_1. Therefore, C_1 and C_2 are non trivial functions not just logarithms or constants which are required by conformal invariance. As discussed in the previous section for the SO(6) sector, these potentially dangerous collapses must cancel out leaving behind only logarithms or constants. The detailed mechanisms which are responsible for this in this sector will be discussed in the next subsection.

For the evaluation of G^{(i,m),(j,n)}_{(k,s)(l,t)} (2pt) we have to also take x_4 → x_3 limit in addition to the x_2 → x_1 limit. On taking both these limits it is easy to see that r^′ and s^′ for the 1 → ∞ and 2 → ∞ collapse also tend to 0 and 1 respectively. Therefore all the collapses reduce to logs and constants.

(iii) Gauge bosons on one external leg. The covariant derivatives on the letters also have gauge bosons, at one loop one such external gauge boson from say D^mϕ^i can interact with the letters D^nϕ^j, D^tϕ^l as show in figure 8.

To evaluate this diagram it is convenient to expand the covariant derivative to order one in the g_{Y M} as:

D^mϕ = ∂^mϕ + ig m� p=1 mC_p[∂^{m−1} A_z, ∂^{m−p} ϕ] . (4.17)

Other similar process with one external gauge boson on the other 3 letters exist, these are shown in figure 8. We now write the interaction term of each such diagram. The contribution of the diagram with the gauge boson on the letter D^mϕ^i is given by

A_3(3pt) = δ^i_kδ^j_l 1 m!n!s!t! × × lim_{x2→x1} m� p=1 mC_p � ∂^{m−p}_1 ¯∂^s_3 1 x^2_{13} � � ∂^{p−1}_1 (2∂_2 + ∂_1)∂^n_2 ¯∂^t_4 ϕ(r^′, s^′) x^2_4 � ,

where r^′ = x^2_{12} x^2_4

, s^′ = x^2_{14} x^2_4

. (4.18)

We have labelled this diagram A_3 as the values of r^′ and s^′ that occur are the values of the 3 → ∞ collapse. Note that we have used momentum conservation on the vertex of a gauge boson with two scalars. From the structure of the derivatives in the first bracket of (4.18), it is clear the term proportional to identity occurs only when

– 22 –

Figure 8: Diagrams with gauge boson on one external leg.

m > s. Similarly the diagram with the external gauge boson on the letter D^nϕ^j is given by

A_4(3pt) = δ^i_kδ^j_l 1 m!n!s!t! × × lim_{x2→x1} n� p=1 nC_p � ∂^{n−p}_2 ¯∂^t_4 1 x^2_4 � � ∂^{p−1}_2 (2∂_1 + ∂_2)∂^m_1 ¯∂^s_3 ϕ(r^′, s^′) x^2_{13} � ,

where r^′ = x^2_{12} x^2_{13}

, s^′ = x^2_3 x^2_{13}

. (4.19)

This diagram contributes to terms proportional to the identity only when n > t. If the external gauge boson is from the letter D^sϕ^k the interaction is given by

A_1(3pt) = δ^i_kδ^j_l 1 m!n!s!t! × lim x_2→x_1 s� p=1 sC_p � ¯∂^{s−p}_3 ∂^m_1 1 x^2_{13} � � ¯∂^{p−1}_3 (2 ¯∂_4 + ¯∂_3)∂^n_2 ¯∂^t_4 ϕ(r^′, s^′) x^2_4 � ,

where r^′ = x^2_{34} x^2_4

, s^′ = x^2_3 x^2_4

. (4.20)

Here the above diagram contributes only when s > m. Finally when the external gauge boson is from the letter D^tϕ^l, the diagram is given by

A_2(3pt) = δ^i_kδ^j_l 1 m!n!s!t! × × lim_{x2→x1} 1 m!n!s!t! t� p=1 tC_p � ¯∂^{t−p}_4 ∂^n_2 1

x^2_4 � � ¯∂^{p−1}_4 (2 ¯∂_3 + ¯∂_4)∂^m_1 ¯∂^s_3 ϕ(r^′, s^′) x^2_{13} � ,

where r^′ = x^2_{34} x^2_{13}

, s^′ = x^2_{14} x^2_{13}

. (4.21)

This contributes only when t > n. We summarize the conditions on m, n, s, t under which all these diagrams contribute to the term proportional to identity in table 2.

– 23 –

Diagram m > s; t < n m < s; t < n m = s; n = t A_1 No Yes No A_2 Yes No No A_3 Yes No No A_4 No Yes No

Table 2: Contributions of diagrams with gauge boson on one leg.

Note that the external gauge boson contribution A_1 and A_2 given in (4.20) and (4.21) respectively are non trivial functions of the respective r^′ and s^′, as these do not reduce to either logarithms or constants under the limit x_2 → x_1. Therefore contributions from these diagrams can potentially violate conformal invariance. But, we will show that contributions from these terms add up with the dangerous collapses C_1 and C_2 of (4.13) to finally give only logarithms and constants ensuring conformal invariance. As an indication of this we see that from table 2 and table 1 that whenever A_1 or A_2 contributes to the term proportional to the constant C_1 or C_2 also contributes. The mechanism of how this comes about will be discussed in detail in the next subsection.

(iv) Gauge bosons on two legs. Diagrams with gauge bosons on two different legs contribute constants at one loop. These diagrams are just planar Wick contractions with the gauge bosons on the respective external legs. The ones which contribute to U are the first two diagrams of figure 9.

The ones with the external gauge boson from the letter D^mϕ^i and D̄^tϕ^l is given by

B_1 = −2δ^i_kδ^j_l 1 m!n!s!t! × × m� p=1 t� p^′=1

mC_p^tC_p′ ¯∂^s_3∂^{m−p}_1 � 1 x^2_{13} � ∂^{p−1}_1 ¯∂^{p′−1}_4 � 1 x^2_{14} � ∂^n_2 ¯∂^{t−p ′}_4 1 x^2_4

. (4.22)

The presence of the negative sign in the above formula is due to the fact that the gauge fields on the two legs come on two different sides of the commutator. The factor of 2 occurs in (4.22) if one keeps track the factors of 2 in g^2 and uses the fact that ⟨A^a_z (x_1)A^a_{z̄} (x_2)⟩ = δ^{ab} 1 2(x_1 − x_1)^2

. (4.23)

Looking for the term proportional to the identity, we see that the above diagram contributes only when m > s and therefore n < t, evaluating the constant we obtain

B_1 = −2δ^i_kδ^j_l 1 (m − s)^2

, (4.24)

where we have used m + n = s + t = q. Similarly the contribution with the external gauge boson from the letter D^nϕ^j and D̄^sϕ^k is given by

B_2 = −2δ^i_kδ^j_l 1 m!n!s!t!

× (4.25)

× lim_{x2→x1} s� p=1 n� p^′=1

sC_p^nC_p′ ¯∂^{s−p}_3 ∂^m_1 � 1 x^2_{13} � ¯∂^{p−1}_3 ∂^{p′−1}_2 � 1 x^2_3 � ∂^{n−p ′}_2 ¯∂^t_4 1 x^2_4 .

– 24 –

Figure 9: Gauge bosons on two legs.

Again looking for the term proportional to the identity we see that the above term contributes only when s > m and n > t. Keeping track of the constant term we see that it is given by B_2 = −2δ^i_kδ^j_l 1 (s − m)^2

. (4.26)

Note that both these diagrams do not contribute if m = s or n = t. Consider the remaining contributions from the gauge boson on two legs (see figure 9.), for instance the diagram with the external gauge boson from the letter D^mϕ^i and D^sϕ^k. These diagrams are two body terms and their contribution to the renormalization scheme independent corrections to the three point functions cancel by the slicing argument.

4.3 Mechanisms ensuring conformal invariance Case 1. m > s; t > n From table 1 and table 2 it is clear that only the collapsed diagram C_2 and the external gauge boson on one leg A_2 are the potentially dangerous diagrams which can violate conformal invariance for this case. We show that both these diagrams combine in a non-trivial way to give only logarithms or constants. To simplify matters we first discuss the case of m = 1, s = 0, n = 0, t = 1, then C_2 is given by

C_2 = δ^i_kδ^j_l ∂_1 ¯∂_4 � 1 x^2_{13}x^2_4

(s^′ − r^′)ϕ(r^′, s^′) � , r^′ = x^2_{34} x^2_{13}

, s^′ = x^2_{14} x^2_{13} , = δ^i_kδ^j_l 1 x^4_{13}x^2_4 � −ϕ − (s^′ − r^′)∂_s′ ϕ � , (4.27)

here, in writing the second line we have kept only the terms proportional to the identity while performing the differentiation. The contribution of A_2 can be read out from (4.21), it is given by

A_2 = δ^i_kδ^j_l 1 x^2_4 � (2 ¯∂_3∂_1 + ¯∂_4∂_1) ϕ(r^′, s^′)

x^2_{13} � , = δ^i_kδ^j_l 1 x^2_4x^4_{13} � 2ϕ + 2(r^′∂_r′ + s^′∂_s′ )ϕ − ∂_s′ ϕ � . (4.28)

– 25 –

Figure 10: Differential equation ensuring conformal invariance.

Adding C_2 and A_2 form (4.27) and (4.28) we obtain

C_2 + A_2 = δ^i_kδ^j_l 1 x^2_4x^4_{13} � ϕ + (r^′ + s^′ − 1)∂_s′ ϕ + 2r^′∂_r′ ϕ � . (4.29)

Note that on adding C_2 and A_2, the combination of ϕ(r^′, s^′) in the bracket of the above equation is precisely that of (B.6). In appendix B. it is shown that ϕ(r^′, s^′) satisfies the inhomogeneous partial differential equation

ϕ + (r^′ + s^′ − 1)∂_s′ ϕ + 2r^′∂_r′ ϕ = − log r^′ s^′

. (4.30)

The differential equation ensures that though ϕ(r^′, s^′) is a nontrivial function of r^′ and s^′ not just logarithms or constants, the combination which occurs in A_2 and C_2 is such that it reduces to a logarithm ensuring conformal invariance. Substituting this in (4.29) we obtain C_2 + A_2 = δ^i_kδ^j_l 1 x^2_4x^2_{13}x^2_{14} ln � x^2_{13} x^2_{34} � . (4.31)

Now it is also clear that one needs the additional 1/s^′ on the right hand side of(4.30) to obtain the right powers of x dictated by conformal invariance. Finally taking the limit x_2 → x_1 we obtain C_2 + A_2 = δ^i_kδ^j_l 1 x^4_{14}x^2_{13} log � x^2_{13} x^2_{34} � . (4.32)

We have illustrated this mechanism of ensuring conformal invariance in figure 10 It is now easy to generalize to the case of arbitrary m > s; t > n. For this case, the 2 → ∞ collapse is given by

C_2 = δ^i_kδ^j_l 1 m!n!s!t!

∂^m_1 ∂^n_2 ¯∂^s_3 ¯∂^t_4 � (s^′ − r^′)ϕ(r^′, s^′) x^2_{13}x^2_4 � , (4.33)

= δ^i_kδ^j_l tC_n m!n!s!t! � (∂_2 ¯∂_4)^n 1 x^2_4 � ∂^m_1 ¯∂^s_3 ¯∂^{t−n−1}_4 × � 1 x^4_{13}

(−z_{14}ϕ − z_{14}(s^′ − r^′)∂_s′ ϕ) � . In the second line of the above equation we have first used the Leibnitz rule to move the n derivatives in the direction of z̄_4 to act on the term in the round bracket, then we have focussed only on the term which contributes to the identity δ_{zz̄} . the term in the square

– 26 – bracket is obtained by the action of one of the remaining t−n ¯∂_4 derivatives on the collapsed term. Now consider A_2, again focusing on the term which contributes to the identity we get

A_2 = δ^i_kδ^j_l tC_n m!n!s!t! � (∂_2 ¯∂_4)^n 1 x^2_4 � ∂^m_1 ¯∂^s_3 ¯∂^{t−n−1}_4 × × � 1 x^4_{13}

(2z_{13}ϕ + 2z_{13}(r^′∂_r′ + s^′∂_s′ )ϕ − z_{14}∂_s′ ϕ) � . (4.34)

Here we have only looked at the term p = t − n as it is the only one term in the summation of (4.21) which contributes to the identity. The last line in the above equation is obtained by the action of the operator (2 ¯∂_3 + ¯∂_4) on ϕ(r^′, s^′)/x^2_{13}. From the structure of derivatives in (4.33) (4.34), it is easy to see that only holomorphic derivatives acting on the term in the square brackets of these equations is ∂_1, Therefore, for the purposes of identifying the term proportional to the identity one can just treat the z^′s in these brackets as z_1. Then adding (4.33) and (4.34), we see that we can use the differential equation in (4.30) to obtain

C_2 + A_2 = δ^i_kδ^j_l m!s!(t − n)!x^{2(1+n)}_{24}

∂^m_1 ¯∂^s_3 ¯∂^{t−n−1}_4 � z_1 x^2_{13}x^2_{14} log � x^2_{13} x^2_{34} � . (4.35)

To perform the differentiation in the above equation it is convenient to first do all the ¯∂_4 and the ¯∂_3 derivatives before finally performing the ∂_1 derivatives. This gives

C_2 + A_2 = lim_{x2→x1} δ^i_kδ^j_l (m − s)x^{2(1+n)}_{24} x^{2(m−s)}_{14} x^{2(1+s)}_{13} � log � x^2_{13} x^2_{34} � + h(s) � ,

= δ^i_kδ^j_l (m − s)x^{2(1+t)}_{14} x^{2(1+s)}_{13} � log � x^2_{13} x^2_{34} � + h(s) � . (4.36)

Here we have also written down the final limit to be taken, note that powers of x and the presence of the log or the constant agrees with conformal invariance. Thus, using the differential equation in (4.30) we have shown that the terms A_2 and C_2 which can potentially violate conformal invariance combine together using (4.30) to restore it. In (4.36) h(s) refers to the harmonic number

h(s) = s� j=1 1 s , s ≠ 0 , h(0) = 0. (4.37)

From the tables 1 and 2 we see that the collapse C_3 and the diagram A_3 also contributes when m > s. Though these are not dangerous diagrams one can use similar manipulations to sum these. This gives

C_3 + A_3 = δ^i_kδ^j_l (m − s)x^{2(1+t)}_{14} x^{2(1+s)}_{13} � log � x^2_{14} ϵ^2 � + h(n) � . (4.38)

The total contribution from these graphs is thus obtained by adding (4.36) and (4.38). Note that on adding these terms, the argument of the log is precisely that of what is expected for a three body term.

– 27 –

Case 2. m < s, t < n From table 1 and table 2 we see that the potentially dangerous diagrams are C_1 and A_1. This case is similar to the previous one, going through similar manipulations we can combine these diagrams use (4.30) to give

C_1 + A_1 = − δ^i_kδ^j_l^sC_m m!n!s!t! � (∂_1 ¯∂_3)^m 1 x^2_{13} � ∂^n_2 ¯∂^t_4 ¯∂^{s−m−1}_3 � z_2 x^2_4x^2_3 log � x^2_{34} x^2_4 � , = δ^i_kδ^j_l (s − m)x^{2(1+m)}

13 x^{2(1+t)}_{24} x^{2(s−m)}_{23} � log � x^2_4 x^2_{34} � + h(t) � . (4.39)

Now taking the x_2 → x_1 limit one obtains

C_1 + A_1 = δ^i_kδ^j_l (s − m)x^{2(1+s)}_{13} x^{2(1+t)}_{14} � log � x^2_{14} x^2_{34} � + h(t) � . (4.40)

Again we see that the terms which can possibly violate conformal invariance add up together to restore conformal invariance. The diagrams C_4 and A_4 for this case can also be combined using similar manipulations to give

C_4 + A_4 = δ^i_kδ^j_l (s − m)x^{2(1+s)}_{13} x^{2(1+t)}_{14} � log � x^2_{13} ϵ^2 � + h(m) � . (4.41)

Case 3. m = s, n = t From table 1 and table 2 we see that for this case the only diagrams that are potentially dangerous are C_1 and C_2. The mechanisms of how these diagrams are removed is similar to the one for the SO(6) sector discussed in section 2.2. The sum of all the dangerous collapses among the three terms in (4.10) cancel among each other. For notational convenience we choose m_a = m, m_{a+1} = n, n_{b+1} = s, s_c = t in (4.10). Then if the first term has to contribute, we must have n_b = s_{c+1} = 0. This is because the operator O_β and O_γ have only anti-holomorphic derivatives and the only way the last free contraction can contribute to the term proportional to the identity is when there are no derivatives present on the corresponding letters. The SO(6) structure of all the three terms involving the dangerous collapses (4.10) is identical so for convenience we suppress them. The dangerous terms from the first term in (4.10) are given by

D(1; 34) = lim_{x2→x1} 1 (m!)^2(s!)^2 1 x^2_{34}

× (4.42) × � (∂_1 ¯∂_3)^m � 1 x^2_{13} � (∂_2 ¯∂_4)^n � (s^′ − r^′)ϕ(r^′, s^′) x^2_4 � with r^′ = x^2_{34} x^2_4

, s^′ = x^2_3 x^2_4

+ (∂_2 ¯∂_4)^n � 1 x^2_4 � (∂_1 ¯∂_3)^m � (s^′ − r^′)ϕ(r^′, s^′) x^2_{13} � with r^′ = x^2_{34} x^2_{13}

, s^′ = x^2_{14} x^2_{13} � . Note that in the above equation we have arranged the derivatives so that it contains the term proportional to the identity. Similarly the dangerous terms from the second term in (4.10) are given by

– 28 –

Figure 11: Cancellations among dangerous collapses.

D(3; 41) = lim_{x2→x3} 1 (m!)^2(s!)^2

(∂_1 ¯∂_4)^n � 1 x^2_{14} � × × � (∂_1 ¯∂_3)^m � (s^′ − r^′)ϕ(r^′, s^′)

x^2_{13}x^2_4 � with r^′ = x^2_{14} x^2_{13}

, s^′ = x^2_{34} x^2_{13}

(4.43)

+ (∂_1 ¯∂_3)^m � 1 x^2_{13} � � (s^′ − r^′)ϕ(r^′, s^′) x^2_4 � with r^′ = x^2_{14} x^2_4

, s^′ = x^2_{12} x^2_4 � . Note that on taking the respective limits we see that the first term of (4.43) cancels the second term of (4.42) as ϕ(r, s) is a symmetric function in r and s. Finally the dangerous terms from the last term of (4.10) is given by

D(4; 13) = C_2 + A_2

= lim_{x2→x4} 1 (m!)^2(s!)^2

(∂_1 ¯∂_3)^m � 1 x^2_{13} � × × � (∂_1 ¯∂_4)^n � (s^′ − r^′)ϕ(r^′, s^′)

x^2_3x^2_{14} � with r^′ = x^2_{13} x^2_{14}

, s^′ = x^2_{34} x^2_{14}

(4.44)

+ (∂_1 ¯∂_4)^n � 1 x^2_{14} � � (s^′ − r^′)ϕ(r^′, s^′) x^2_4 � with r^′ = x^2_{13} x^2_3

, s^′ = x^2_{12} x^2_3 � . It is now clear that on taking the limits in (4.42), (4.43) and (4.44) the sum vanishes due to pair wise cancellations.

D(1; 34) + D(3; 41) + D(4; 13) = 0 . (4.45)

Thus the dangerous collapses completely cancel restoring conformal invariance. We have show this cancellations schematically in the figure 11

From table 1 and table 2 we see that for this case of m = s and n = t the collapse diagrams C_3 and C_4 also contribute. These diagrams are not dangerous. They are given by C_3 + C_4 = lim_{x2→x1} δ^i_kδ^j_l (m!)^2(n!)^2

× (4.46) × � (∂_1 ¯∂_3)^m � 1 x^2_{13} � (∂_2 ¯∂_4)^n � (s^′ − r^′)ϕ(r^′, s^′) x^2_4 � with r^′ = x^2_{12} x^2_4

, s^′ = x^2_{14} x^2_4

(∂_2 ¯∂_4)^n � 1 x^2_4 � (∂_1 ¯∂_3)^m � (s^′ − r^′)ϕ(r^′, s^′) x^2_{13} � � with r^′ = x^2_{12} x^2_{13}

, s^′ = x^2_3 x^2_{13} .

– 29 –

Figure 12: Cancellations in a length conserving process.

We can extract the log term and the constant by performing the required differentiations and focusing on the contributions to the identity. For the diagram C_3 and C_4, we do not need to keep track of the constants. The reason is due to a similar phenomenon discussed for the SO(6) sector. To obtain the renormalization group independent constant one needs to subtract the constants from the corresponding two body term. But, for the two body terms all the collapses C_1, C_2, C_3, C_4 contribute. To find these we just write the diagrams C_1 as in (4.16) and further take the x_4 → x_3 limit. It is then easily seen that the constants from C_1 is identical to the constants from C_3 and the constants from C_2 is identical to the constants from C_4. Therefore in the renormalization group independent contribution

C_3(3pt) + C_4(3pt) − 1 2 (C_1(2pt) + C_4(2pt) + C_3(2pt) + C_4(2pt)) , (4.47)

one finds that the constants cancel. Thus we write just the log terms of (4.46) which contribute to the identity, these are given by

C_3 + C_4 = δ^i_kδ^j_l x^{2(m+1)}

13 x^{2(n+1)}_{14} � h(m + 1) log � x^2_{13} ϵ^2 � + h(n + 1) log � x^2_{14} ϵ^2 � . (4.48)

Though we have not emphasized length conserving processes in this paper, we mention that the above mechanism of ensuring conformal invariance for the case of m = s, n = t will not hold for such processes. For a length conserving process, if O_α is the longest operator, then there is only the first term of (4.45), therefore there can be no possibility of cancellation of the dangerous collapses. But, as we have discussed for the case of the SO(6) sector, there are non nearest neighbour interactions which ensure cancellations of the dangerous collapses. This is shown schematically in figure 12

4.4 Summary of the calculation

Here we summarize the results of our discussion in the previous subsections to give a recipe for the evaluation of one loop corrections to structure constants for the class of operators with derivatives we are dealing with. We will give the recipe to evaluate the constants in U(3pt) −^1_2 U(2pt) for the various cases we have discussed.

(i) Case 1. m > s, t > n

For this case the renormalization group invariant correction to structure constant is given by

– 30 –

U^{(i,m)(j,n)}

(ks)(lt) (3pt) − 1 2 U^{(i,m)(j,n)}

(ks)(lt) (2pt) = = 1 2 � V^{ij}_{kl} C_Q + δ^i_kδ^j_l (C_E + C_2 + A_2 + C_3 + A_3 + B_1) � , = 1 2 λ N � V^{ij}_{kl} C_Q + δ^i_kδ^j_l � C_E + h(s) m − s + h(n) m − s − 2 (m − s)^2 � . (4.49)

Here C_Q refers to the constant from the quartic diagram, which can be read out from table 3 of appendix C. C_E refers to the constant from the diagram E, this can be read out from the tables 4 and 5. V^{ij}_{kl} stands for the SO(6) structure of the quartic given by

V^{ij}_{kl} = 2δ^j_kδ^i_l − δ^i_kδ^j_l − δ^{ij} δ_{kl} . (4.50)

In the last line of (4.49) we have substituted the values constants of the diagrams C_2 + A_2, C_3 + A_3 and B_1 from (4.35), (4.38) and (4.24) respectively. We have also reinstated the t’Hooft coupling and the 1/N factor of the normalization of the structure constant.

(ii) Case 1. m < s, t < n The renormalization group invariant correction to the structure constant is given by

U^{(i,m)(j,n)}

(ks)(lt) (3pt) − 1 2 U^{(i,m)(j,n)}

(ks)(lt) (2pt) = = 1 2 � V^{ij}_{kl} C_Q + δ^i_kδ^j_l (C_E + C_1 + A_1 + C_4 + A_4 + B_2) � , (4.51) = 1 2 λ N � V^{ij}_{kl} C_Q + δ^i_kδ^j_l � C_E + h(t) s − m + h(m) s − m − 2 (m − s)^2 � . Here we have substituted the values of C_1 + A_1, C_4 + A_4 and B_2 from (4.40), (4.41) and (4.26). The rest of the constants can be read out from the tables in appendix C.

(iii) Case 2. m = s, t = n As we have discussed earlier for this case the constants from all the collapses cancel in the renormalization group invariant combination given in (4.47). There are no contributions from gauge bosons on two external legs, thus we are left with constants only from the quartic Q and the diagram E, therefore we have

U^{(i,m)(j,n)}

(ks)(lt) (3pt) − 1 2 U^{(i,m)(j,n)}

(ks)(lt) (2pt) = 1 2 λ N � V^{ij}_{kl} C_Q + δ^i_kδ^j_l (C_E ) � . (4.52)

Again the constants occurring above can be read out from appendix C. As a simple check note that when the number of derivatives are set to zero, evaluating C_Q and C_E in the above we obtain the anomalous dimension hamiltonian H which determines the corrections to structure constants in the SO(6) sector.

4.5 An example To illustrate the methods developed we compute the one loop corrections for a simple example of three point function. Consider the following three operators:

O_α = 1 √ N^3 n� k=0 nC_k(−1)^k Tr(∂^{n−k} ϕ^1∂^kϕ^2ϕ^3) ,

– 31 –

O_β = 1 √ N^3 n� k=0 nC_k(−1)^k Tr( ¯∂^{n−k} ϕ^1 ¯∂^kϕ^2ϕ^4) ,

O_γ = 1 N Tr(ϕ^3ϕ^4) . (4.53)

where O_α is at position x_1, O_β at x_3 and O_γ at x_4. The tree level correlation function of these operators is given by

⟨O_α O_β O_γ ⟩^{(0)} = 1 N n� k=0 (^nC_k)^2 x^{2(n+1)}

13 x^2_{14} .x^2_{34}

(4.54)

Now we compute the one loop corrections to this structure constant. All the corrections, the log terms as well as the renormalization group invariant correction will multiply the position dependent prefactor 1 x^{2(n+1)}

13 x^2_{14}x^2_{34}

, (4.55)

which is determined by the tree level dimensions of the three operators in (4.53). We write below the log corrections and the renormalization group invariant correction to the structure constant arising from the various diagrams.

Three body terms

The three body interactions consists of the following diagrams: 2 n� k=0 (^nC_k)^2 � Q^{k0}_{k0} + E^{k0}_{k0} + (C_3 + C_4)^{k0}_{k0}(1; 34)+

+ Q^{k0}_{k0} + E^{k0}_{k0} + (C_3 + C_4)^{k0}_{k0}(3; 41) + (C_3 + C_4)^{00}_{00}(4; 13) � . (4.56)

Here we have suppressed the SO(6) indices but kept the indices which indicate the number of derivatives on the letters involved. There are no contributions of (Q + E)(4; 13) as the SO(6) structure of these diagrams ensures that they cancel each other. Evaluating the log terms of these diagrams using the tables in appendix C. we find: 2 n� k=0 nC_k)^2 � − 2 k + 1

− h(k) � log � x^2_{13}x^2_{14} x^2_{34}ϵ^2 � + h(k + 1) log � x^2_{13} ϵ^2 � + log � x^2_{14} ϵ^2 � +

+ � − 2 k + 1

− h(k) � log � x^2_{13}x^2_{34} x^2_{14}ϵ^2 � + h(k + 1) log � x^2_{13} ϵ^2 � + log � x^2_{34} ϵ^2 � + + log � x^2_{14} ϵ^2 � + log � x^2_{34} ϵ^2 � . (4.57)

We have written down each contribution in (4.57), so that they appear in the order of the diagrams in (4.56). To write the renormalization group invariant correction to the structure constants we need to find the constant in each of the terms in (4.56) and perform the metric subtractions. We have already shown that the constants form all the collapses in (4.56) cancel. Therefore we have to look for constants of only the Q’s and E’s which are listed in

– 32 – appendix C. The metric contributions to these are identical and since they are weighted by 1/2, the final result is just half of the corresponding values listed in appendix C. Writing down these for each of the terms in (4.56) we get

K = −4 n� k=0 (^nC_k)^2 ×

�_k � l=0 (−1)^{l k}C_l l + k + 2 (l + 1)^2 h(l + 1) � . (4.58)

Note that if the number of derivatives n is set to zero in the above expression we obtain −8 which agrees with (3.27).

Two body terms

As we have discussed before, because of the slicing argument one needs to evaluate only the terms proportional to the logarithm in the two body diagrams. The diagrams are given by n� k,k^′=0

nC_k^nC^′_k(−1)^{k+k′}(Q + E + C_1 + C_2 + C_3 + C_4 + A_1 + A_2 + A_3 + A_4)^{kn−k}_k′_{n−k} ′ (1; 3)+

+ n� k=0 (^nC_k)^2 (S_k(1; 3) + S_{n−k} (1; 3) + S_0(1; 4) + S_0(3; 4)) , (4.59)

where S_k refers to the self energy contribution of a scalar with k derivatives. The contribution of these self energy diagrams can be read out from [19]. Evaluating the terms proportional to the logarithm of these diagrams we obtain n� k=0 (^nC_k)^2 � −2h(k) − 2 n + 1 � log � x^4_{13} ϵ^4 � + 4h(k + 1) log � x^2_{13} ϵ^2 � +

+ n� k,k^′,k≠k^′

nC_k^nC_k′ (−1)^{k+k′} � 1 |k − k^′| − 2 n + 1 � log � x^4_{13} ϵ^4 � + 2 |k − k^′| log � x^2_{13} ϵ^2 � −

−4 n� k=0 (^nC_k)^2 � (h(k) + h(k + 1) + 1) log � x^2_{13} ϵ^2 � + log � x^2_{14} ϵ^2 � + log � x^2_{34} ϵ^2 � . � (4.60)

Adding the log terms in (4.57) and (4.60) we obtain only terms with log(x^2_{13}/ϵ^2). The rest of the log terms cancel, this coefficient is given by: − 4 n� k=0 (^nC_k)^2 � 1 k + 1

+ 2h(k) + 1 � − 4δ_{n,0} + n� k,k^′,k≠k^′

nC_k^nC_k′ (−1)^{k+k′} � 4 |k − k^′| � . (4.61)

As a simple check, note that on setting n = 0 the above expression reduces to −12 which was obtained in (3.30).

5. Conclusions

We have evaluated one loop corrections to the structure constants in planar N = 4 Yang- Mills for two classes of operators, the SO(6) sector and for operators with derivatives in one holomorphic direction. The summary of the results which enables one to evaluate these

– 33 – structure constants for any operator in these sectors are given in section 4.4. For the SO(6) scalar sector we find that the one loop anomalous dimension hamiltonian determines the corrections to the structure constants. The reasons for this are: N = 4 supersymmetry which relates the quartic coupling of scalars to the gauge coupling, the SO(6) spin dependent term factorizes in the calculations and contributions of all the collapsed diagrams canceled. For the sector with derivatives we noticed that essentially the structure constants are determined by a suitable combination of derivatives acting on the fundamental tree function ϕ(r, s). Conformal invariance in the calculation was ensured by a linear inhomogeneous partial differential equation satisfied by ϕ(r, s) which enabled us to combine the diagrams violating conformal invariance to restore it. The methods developed in this paper can be generalized to the all classes of operators in N = 4 Yang-Mills.

The fact that in the SO(6) sector the one loop corrections to the structure constants are determined by the one loop anomalous dimension hamiltonian indicates the possibility that in a string bit theory the one loop corrected structure constants can be determined by the delta function overlap with modification in the propagation of the bits taken into account. The immediate suggestion would be that it is the anomalous dimension hamiltonian which determines the propagation of the bits. In [16] we address this question in detail.

Acknowledgments

Justin R. David would like to thank the discussions and hospitality at CERN; Harish Chandra Research Institute, Allahabad; Institute of Mathematical Sciences, Chennai and Tata Institute of Fundamental research, Mumbai; during the course of this project. We thank the organizers of the Indian strings meeting, 2004 at Khajuraho for the opportunity to present this work. We would like to thank Avinash Dhar in particular for stimulating discussions and criticisms The work of the authors is partially supported by the RTN European program: MRTN-CT-2004-503369.

A. Notations

The action of N = 4 supersymmetric Yang-Mills is best thought of as dimensional reduced maximal supersymmetric Yang-Mills from 10 dimensions. The action is given by S = 1 (2π)^2 � d^4x Tr � 1 4 F^{μν}_{μν} + 1 2 D_μ ϕ^iD^μ ϕ^i − g^2 4 [ϕ^i, ϕ^j ][ϕ^i, ϕ^j ]+ 1 2 ψ̄Γ_μ D^μ ψ−g i 2 ψ̄Γ_i[ϕ^i, ψ] � , (A.1) where A_μ with μ = 1, . . . , 4 is the gauge field in 4 dimensions, ψ is a 16 component Majorana-Weyl spinor obtained from the Majorana-Weyl spinor in 10 dimensions. ϕ^i, i = 1, . . . 6 are scalars which transform as a vector under the R-symmetry group SO(6). (Γ_μ , Γ_i) are the ten-dimensional Dirac matrices in the Majorana-Weyl representation. All the fields transform in the adjoint representation of the gauge group U(N), to be specific they are N ×N matrices which can be expanded in terms of the generators T^a of the gauge group as

– 34 – ϕ^i =

N^2−1�

a=0 ϕ^{i(a)}T^a , A_μ =

N^2−1�

a=0 A^{(a)}_μ T^a , ψ =

N^2−1�

a=0 ψ^{(a)}T^a . (A.2)

The generators T^a satisfy

Tr(T^aT^b) = δ^{ab} ,

N^2−1�

a=0 (T^a)^α_β (T^a)^γ_δ = δ^α_δ δ^γ_β . (A.3)

In (A.1) g^2 = g^2_{Y M} /2(2π)^2,^6 the covariant derivatives are given by D_μ = ∂_μ + ig[A_μ , · ], and F_{μν} = ∂_μ A_ν −∂_ν A_μ +ig^2[A_μ , A_ν ]. All our calculations are done in the Feynman gauge. Using the normalization of the action given in (A.1), the tree level two point functions of the scalar and the vector are given by

⟨ϕ^{i(a)}(x_1)ϕ^{j(b)}(x_2)⟩ = δ^{ij} δ^{ab} (x_1 − x_2)^2 , ⟨A^{(a)}_μ (x_1)A^{(b)}_ν (x_2)⟩ = δ_{μν} δ^{ab} (x_1 − x_2)^2

. (A.4)

B. Properties of the fundamental tree function

In this appendix we will prove various properties of the fundamental tree function ϕ(r, s) defined in (3.7) which are used at various instances in the paper. To obtain a series expansion of ϕ(r, s) and to show that it satisfies the partial differential equation (4.30) we will use is its integral representation shown in [35]

ϕ(r, s) =

�_1 0 − log (r/s) − 2 log ξ s − ξ(r + s − 1) + ξ^2r dξ . (B.1)

From this integral representation we can find a series expansion of ϕ(r, s) around r = 0, s = 1, by expanding the denominator in (B.1) as 1 s − ξ(r + s − 1) + ξ^2r = ∞� k,l=0

(−1)^{k+l}ξ^k(ξ − 1)^{k+l}

(k + l)! k! l!

r^k(1 − s)^l . (B.2)

To perform the series expansion we need the following integrals �_1 0 ξ^k(ξ − 1)^{k+l} dξ = (−1)^{k+l} k!(k + l)!

(2k + l + 1)! , �_1 0 ξ^k(ξ − 1)^{k+l} log ξ dξ = (−1)^{k+l} k!(k + l)!

(2k + l + 1)!

(h(k) − h(2k + l + 1)) , (B.3)

where h(n) is the harmonic number defined in (4.37). Substituting (B.3) and (B.2) in (B.1) we obtain

ϕ(r, s) = − ∞� k,l=0

(k + l)!^2 l!(2k + l + 1)!

r^k(1 − s)^l log (r/s) +

+2 ∞� k,l=0

(k + l)!^2 l!(2k + l + 1)!

(h(2k + l + 1) − h(k)) r^k(1 − s)^l . (B.4)

6Our convention differs from [34] in that we have scaled the fields by g Y M /2π √ 2

– 35 –

Through out the paper we need the expansion of ϕ(r, s) at r = 0, this is given by

ϕ(0, s) = − ∞� l=0 1 l + 1

(1 − s)^l ln( r s ) + 2 ∞� l=0 h(l + 1) 1 l + 1

(1 − s)^l ,

= − ∞� l=0 1 l + 1

(1 − s)^l ln(r) + 2

(1 − s)^l (l + 1)^2

. (B.5)

Now we show that ϕ(r, s) satisfies the following inhomogeneous linear partial differential equations which ensures conformal invariance in the three point function calculations of the paper.

ϕ(r, s) + (s + r − 1)∂_sϕ(r, s) + 2r∂_rϕ(r, s) = − log r s , (B.6)

ϕ(r, s) + (s + r − 1)∂_r ϕ(r, s) + 2s∂_sϕ(r, s) = − log s r . (B.7)

To, simplify matters, we introduce the notation

D(r, s, ξ) = s − ξ(r + s − 1) + ξ^2r , (B.8)

then substituting the integral representation (B.1) of ϕ(r, s) in the first equation of (B.6) we obtain

(1 + (s + r − 1)∂_s + 2r∂_r)ϕ(r, s) =

�_1 0 dξ 1 D(r, s, ξ) � − log r/s − 2 log ξ +

(s + r − 1)

s − 2 � + + �_1 0 dξ log r/s + 2 log ξ (D(r, s, ξ))^2

((s + r − 1)∂_sD(r, s, ξ) +

+ 2r∂_rD(r, s, ξ)) . (B.9)

We can integrate the expression on the second line of the above equation by parts by using the following identity

(s + r − 1)∂_sD(r, s, ξ) + 2r∂_rD(r, s, ξ) = −(1 − ξ)∂_ξD(r, s, ξ) . (B.10)

which results in

(1+ (s+ r− 1)∂_s + 2r∂_r)ϕ(r, s)=

(1 − ξ)(log r/s + 2 log ξ)) D(r, s, ξ) � � � 1 ϵ + �_1 ϵ dξ (s + r − 1)/s − 2/ξ) D(r, s, ξ) . (B.11) Note that we have introduced and parameter ϵ since log ξ in the first term is divergent at the lower limit. Similarly there is a log divergence in the second term of the above equation. We now show that these divergences cancel each other. Let us write the term contributing to the divergence in the second term of (B.11) as �_1 ϵ dξ −2/ξ D(r, s, ξ) = �_1 ϵ dξ −2/s ξ + �_1 ϵ dξ −2(r + s − 1 − rξ)/s D(r, s, ξ)

. (B.12)

– 36 –

Substituting this in (B.11) we obtain

(1 + (s + r − 1)∂_s + 2r∂_r)ϕ(r, s) = log r/s − ξ(log r/s + 2 log ξ) D(r, s, ξ) � � � 1 0 + + �_1 0 (−(r + s − 1) + 2rξ)/s

D(r, s, ξ) , = − log r/s s + log D(r, s, ξ) s � � �^1 0 , = − log r s . (B.13)

Using similar manipulations one can show that ϕ(r, s) also satisfies the second partial differential equation in (B.6).

We also use the fact that ϕ(r, s) is a symmetric function in r and s. This is best shown using the defining expression of ϕ(r, s)

ϕ(r, s) = x^2_{13}x^2_4 π^2 � d^4u 1 (x_1 − u)^2(x_2 − u)^2(x_3 − u)^2(x_4 − u)^2

, (B.14)

where r and s are given by r = x^2_{12}x^2_{34} x^2_{13}x^2_4

, s = x^2_{14}x^2_3 x^2_{13}x^2_4

. (B.15)

From the definition of r and s above we see that interchange of x_1 and x_3 brings about an interchange of r and s. But the definition (B.14) is easily seen to be invariant under x_1 to x_3. Therefore, we conclude ϕ(r, s) is a symmetric function of r and s. ϕ(r, s) also satisfies the property ϕ(r, s) = 1 r ϕ(1/r, s/r) . (B.16)

This can be shown from the fact r ↔ 1/r and s ↔ s/r when x_2 ↔ x_3. Then it is easy to see that the symmetry (B.16) is manifest in (B.14). Though these symmetry properties of ϕ(r, s) are not manifest in its integral representation given in (B.1), we have seen that through a series of manipulations it is possible to derive these symmetry properties from (B.1).

C. Tables

In the table below we given the values of the coefficient of the logarithm A_Q and the constant C_Q of the quartic Q in (4.12).

Note that we have not given the values of A_Q and C_Q for the most general case of m, n, s, t. The value of the term proportional to the logarithm A_Q, is always 1/(m + n + 1) for arbitrary values of m, n, s, t. The manipulations to extract the constant from (4.12) for arbitrary values of m, n, s, t are considerably more involved, but one can in principle extract the value of C_Q using Mathematica routines, we have not attempted to do so.

In the table below we list the coefficient of the logarithm and the constant for the gauge exchange diagram E of (4.15).

– 37 – m n s t A C

m 0 m 0^1_{m+1}

�_m l=0 2h(l+1)

l+1 (−1)^{l m}C_l

m 0 0 m^1_{m+1}^2_{(m+1)2}

0 m m 0^1_{m+1}^2_{(m+1)2}

m n s 0^1_{s+1} −^{h(s)}_{s+1} +^sC_m

�_m

l=0(−1)^{m−l m} C_l

�_{h(s−l)}

s−l+1 + 2 (s−l+1)^2 �

m n 0 t^1_{t+1} −^{h(t)}_{t+1} +^tC_n

�_n l=0(−1)^{n−l n} C_l

�_{h(t−l)}

t−l+1 + 2 (t−l+1)^2 �

m 0 s t^1_{m+1} −^{h(m)}_{m+1} +^mC_s

�_s

l=0(−1)^{s−l s} C_l

�_{h(m−l)}

m−l+1 + 2 (m−l+1)^2 �

0 n s t^1_{m+1} −^{h(n)}_{n+1} +^nC_t

�_t

l=0(−1)^{t−l t} C_l

�_{h(n−l)}

n−l+1 + 2 (n−l+1)^2 �

Table 3: A_Q and C_Q for the quartic Q.

m n s t A_E C_E

m 0 m 0 −h(m) −^1_{m+1} −(m + 1)

�_m l=0 2h(l+1) (l+1)^2 (−1)

l mC_l

0 n 0 n −h(n) −^1_{n+1} −(n + 1)

�_n l=0 2h(l+1) (l+1)^2 (−1)

l nC_l

m 0 0 m^1_m −^1_{m+1}^2_{m2} −^2_{(m+1)2}

0 n n 0^1_n −^1_{n+1}^2_{n2} −^2_{(n+1)2}

Table 4: A_E and C_E for the gauge exchange E.

– 38 – m n s t A C

m n s 0^1_{s−m} −^{h(m)}_{s−m} +^sC_m

�_m

l=0(−1)^{m−l m} C_l^1_{(s−l) 2}

m n 0 t^1_{t−n} −^{h(n)}_{t−n} +^tC_n

�_n l=0(−1)^{n−l n} C_l^1_{(t−l) 2}

m 0 s t^1_{m−s} −^{h(s)}_{m−s} +^mC_s

�_s

l=0(−1)^{s−l s} C_l^1_{(m−l) 2}

0 n s t^1_{n−t} −^{h(t)}_{n−t} +^nC_t

�_s l=0(−1)^{t−l t} C_l^1_{(n−l) 2}

Table 5: A and C for Q + E.

To write down the value of the gauge exchange term E for the other case, it is more convenient to consider E + Q, where Q is the corresponding quartic contribution. Since the values of the quartic term is known from table 3 the value of E is also known. Below is the table which lists the contribution of E + Q for the remaining cases of m, n, s, t.

If m ≠ s the log term for Q + E for arbitrary values of m, n, s, t is given by 1/|m − s| and for m = s it is given by −h(m) − h(n). Again we have not listed the values of C for arbitrary values of the derivatives, but they can be in principle be obtained from (4.15) using routines in Mathematica.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[3] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[4] M. Bianchi, J.F. Morales and H. Samtleben, On stringy AdS_5 × S^5 and higher spin holography, JHEP 07 (2003) 062 [hep-th/0305052].

[5] N. Beisert, M. Bianchi, J.F. Morales and H. Samtleben, On the spectrum of AdS/CFT beyond supergravity, JHEP 02 (2004) 001 [hep-th/0310292].

[6] M. Bianchi, Higher spins and stringy AdS_5 × S^5, Fortschr. Phys. 53 (2005) 665 [hep-th/0409304].

[7] R. Gopakumar, From free fields to AdS, Phys. Rev. D 70 (2004) 025009 [hep-th/0308184].

[8] R. Gopakumar, From free fields to AdS. II, Phys. Rev. D 70 (2004) 025010 [hep-th/0402063].

– 39 –

[9] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[10] A. Dhar, G. Mandal and S.R. Wadia, String bits in small radius AdS and weakly coupled N = 4 super Yang-Mills theory. I, hep-th/0304062.

[11] N.R. Constable et al., Pp-wave string interactions from perturbative Yang-Mills theory, JHEP 07 (2002) 017 [hep-th/0205089].

[12] C. Kristjansen, J. Plefka, G.W. Semenoff and M. Staudacher, A new double-scaling limit of N = 4 super Yang-Mills theory and pp-wave strings, Nucl. Phys. B 643 (2002) 3 [hep-th/0205033].

[13] H.L. Verlinde, Bits, matrices and 1/N, JHEP 12 (2003) 052 [hep-th/0206059].

[14] D. Vaman and H.L. Verlinde, Bit strings from N = 4 gauge theory, JHEP 11 (2003) 041 [hep-th/0209215].

[15] J.-G. Zhou, pp-wave string interactions from string bit model, Phys. Rev. D 67 (2003) 026010 [hep-th/0208232].

[16] L.F. Alday, J.R. David, E. Gava and K.S. Narain, Structure constants of planar N = 4 super Yang-Mills at one loop and string bits, in preparation.

[17] J.A. Minahan and K. Zarembo, The bethe-ansatz for N = 4 super Yang-Mills, JHEP 03 (2003) 013 [hep-th/0212208].

[18] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 [hep-th/0303060].

[19] N. Beisert, The complete one-loop dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 676 (2004) 3 [hep-th/0307015].

[20] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B 670 (2003) 439 [hep-th/0307042].

[21] G. Mandal, N.V. Suryanarayana and S.R. Wadia, Aspects of semiclassical strings in AdS_5, Phys. Lett. B 543 (2002) 81 [hep-th/0206103].

[22] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 × S^5 superstring, Phys.

Rev. D 69 (2004) 046002 [hep-th/0305116].

[23] B.C. Vallilo, Flat currents in the classical AdS_5 × S^5 pure spinor superstring, JHEP 03 (2004) 037 [hep-th/0307018].

[24] L.F. Alday, Non-local charges on AdS_5 × S^5 and pp-waves, JHEP 12 (2003) 033 [hep-th/0310146].

[25] M. Wolf, On hidden symmetries of a super gauge theory and twistor string theory, JHEP 02 (2005) 018 [hep-th/0412163].

[26] L. Dolan, C.R. Nappi and E. Witten, A relation between approaches to integrability in superconformal Yang-Mills theory, JHEP 10 (2003) 017 [hep-th/0308089].

[27] L. Dolan, C.R. Nappi and E. Witten, Yangian symmetry in D = 4 superconformal Yang-Mills theory, hep-th/0401243.

[28] L. Dolan and C.R. Nappi, Spin models and superconformal Yang-Mills theory, Nucl. Phys. B 717 (2005) 361 [hep-th/0411020].

– 40 –

[29] M. Bianchi, S. Kovacs, G. Rossi and Y.S. Stanev, Properties of the konishi multiplet in N = 4 SYM theory, JHEP 05 (2001) 042 [hep-th/0104016].

[30] K. Okuyama and L.-S. Tseng, Three-point functions in N = 4 SYM theory at one-loop, JHEP 08 (2004) 055 [hep-th/0404190].

[31] R. Roiban and A. Volovich, Yang-Mills correlation functions from integrable spin chains, JHEP 09 (2004) 032 [hep-th/0407140].

[32] B. Eden, A.C. Petkou, C. Schubert and E. Sokatchev, Partial non-renormalisation of the stress-tensor four-point function in N = 4 SYM and AdS/CFT, Nucl. Phys. B 607 (2001) 191 [hep-th/0009106].

[33] G. Arutyunov, F.A. Dolan, H. Osborn and E. Sokatchev, Correlation functions and massive Kaluza-Klein modes in the AdS/CFT correspondence, Nucl. Phys. B 665 (2003) 273 [hep-th/0212116].

[34] N. Beisert, C. Kristjansen, J. Plefka, G.W. Semenoff and M. Staudacher, Bmn correlators and operator mixing in N = 4 super Yang- Mills theory, Nucl. Phys. B 650 (2003) 125 [hep-th/0208178].

[35] N.I. Usyukina and A.I. Davydychev, An approach to the evaluation of three and four point ladder diagrams, Phys. Lett. B 298 (1993) 363.

– 41 –